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To calcvlate compound inferest, we use one of the following
formulas.

EXPONENTIAL
?@M@'H@MS EM A= Pl
THE REAL WORLD

A= Pe

| In these formulos:
Exponential functions are vsed to model certain real-life |
situations. These inclvde EXPONENTIAL GROWTH, such as . # = total amount of money in dollars

population growth and dollars earned from COMPOUND |
INTEREST, as well as EXPONENTIAL DECAY, such as the | P = the amount of the initial investment

breakdown of radioactive materials.
. r = the rate of interest per year expressed as a decimal

\ _ or fraction
COMPOUND INTEREST
interest earned on both the
initial amount of money deposited | _n = the number of times the interest is compounded
as well as the accumulated _ each Year
interest from previous periods

1 = the number of Yyears of the investment

- e = uler's number (approximotely 2.11828)



Let's look ot some examples of real-world sitvations that
require the use of exponential functions.

EXAMPLE: Katelyn receives $400,000 from an investor
to purchase supplies for her business. She decides that
she will first deposit that money in an account that offers
8% interest compounded quarterly and leave it there for
1year. To the nearest cent, how much money will katelyn
have in this account after 1year?

To solve this problem, vse the formula for interest
compounded n times per year:

4 - P[] . %]+

Let P = 400,000 (initial investment in dollars).

Let r = 0.08 (8% rate).

Let n = 4 (the inferest is compounded quarterly, meaning
4 times per year).

Let # = 1 (time in years).

Let A = total account balance in dollars (unknown).

nt
A= 7’[1 + %] Substitute the given values.

A = 400,000 [1 . @]«D

008" ¢ .
# = 400000(1+ 228) Simpify
9

A = 400,000(1 + 0.02)*
A = 400,000 (1.02)*

A= 432.,(:”28(0 USe a Scien"'i'ric or 9"“[’”""9 calculator to evaluate.
Round to the nearest cent.

So, Iéod-elgn will have $432.912.86 in her account ofter

1 Year.

EXAMPLE: Howard wants to invest $50,000 in an
account that offers 4.8% interest compounded monthly. His
plan is to double his money to $100,000 to vuse toward the
purchase of a new home. How many years will it take for
Howard's account to reach at least $100,0007

To solve this problem, use the formula for interest
compounded n times per year:

ool ]

Let P = 50,000 (initial investment in dollars).

Let r = 0.048 (4.8% rote).

Let n =12 (the interest is compounded monthly, meaning
1Z times per year).

Let # = time in years (unknown).

Let A = 100,000 (total account balance in dollars).



nt
A= P[] + %] Substitute the given values.

12+
100,000 = 50,000 [1 . %8]

100,000 = 50,000 (1 + 0.004)™  Simplify.

100,000 = 50,000 (1.004)™

100, 000 _ 50,000 (1.004)™
50,000 50,000

2 = [1.004)™

|Og 2= |Og (1004)'%  Take the common logarithm of each side
o'F‘H?e equaﬁah.

|Og 1= ]Z‘HOg 1.004 PowerProPerfy cﬂcgarif"'ms

Iog?. - 1Z+log1.004
12 log 1.004 12 |og 1.004
logZ __ _,
12 Iog1.004

1 = 144694 Use ascientific or 9,—4,;/-.,‘.-,9 calculator to evaluate.

Since it takes more than 14 Years for Howard's account to

reach $100,000, Boward's account will reach at least $100,000

ofter 15 years.

So, the answer is 15 Years.

SERAMPLE: Stephanie deposits $18,000 into an online

savings account that pays 5% annval interest compounded
con‘rinuouslg. I€ she makes no withdrawals, whot is the
balance to the nearest cent after 1 gear?

To solve this problem, we can vse the formula for interest
compounded continvously:

A = Pert

Let P = 18,000 (initial deposit in dollars).

Let r = 0.05 (5% rate).

Let # = 1 (fime in years).

Let A = total account balance in dollars (unknown).



A = Pert
A = 18,000e%950 S, bstitute the given values.

A ~18922.88 Use ascientific or 9ra,>l~.ing calculator to evaluate.
Tke button fore* will be on ‘H'oe keyPad. Round to
the nearest cent.

So, if Stephanie makes no withdrawals, she will have a
balance of $18732Z2.88 in her account after 1year.

EXAMPLE: The population of a city is modeled by the
exponential equation P =11 - 105/, where P is the population
in millions after # years, with f = O corresponding fo the year
2010. Approximately how many people will live in this city

in the year 20407 Round the population to the nearest ten
thousand people.

To solve this problem, substitute the valve of f info the given
exponential equation.

22040 - 2010 = 30" | Value of £

P=1.105¢ the gl'veh exPchen‘Hdl equdﬁoh

P =1:105%° Substitute ¥ = 30.

P = 41541366135 Use ascientific or grapln'ng calculator to evaluate.

So, this city will have o population of approximately
41.54 million people (or, equivalently, 41,540,000 people) in
the year 2040.

'EXAMPLE: The Gerold fomily purchases o car for
$38,000. Various reports state that the car will depreciote
ot o rate of 12% per year. Write a function thot models the
valve V of the car after # years. Then £ind the approximate
valve of the car fo the nearest cent in 4 years.

To write a function that models the valve of this car, write
an exponential depreciation equation:

V=P-.0-nrf

Let P = 38,000 (initial valve of the car in dollars).
Let r = 012 (12% rote).

Let # = 4 (fime in years).

Let V = valve of the car (unknown).

Function: V = 38,000 - (1 - 012)f = 38,000 - 0.88f



Note: Depreciation is a percent decrease. \When we
decrease by a rate of 12%, it's the same as toking a rote
of (100 - 12)% = 88%.

Valve in 4 Yyears:
V = 38,000 - 088* Substitutet = 4.

V =~ 2218842 Use ascientific or 9'“?”;"9 calculator to evaluate.
Round to the nearest cent.

So, o function that models the valve of the car is
V = 38,000 - 0.88% and the approximate valve of the
car to the nearest cent in 4 Years is $22.18842.

EXAMPLE: A radiologist injects 1o milligrams of iodine-131
(I-131) into a patient's arm to conduct a contrast CT scan.
The holf-life of I-131is approximately 8 days. To the nearest
day, how long will it fake until only 10 milligrams of I-131
remain in the patient's body?

Let's begin with a general exponential decay equation.
y=xrt

x = milligrams of I-131 initially injected into the patient
1 = fime in doys

10

y = milligrams of I-131 that are left in the patient's body
r = percentoge of I-131 leaving the patient's body per day

Let x = 16 (milligrams of I-131 initially injected into patient).
So, the equod-ion is y-= 1or.

To vse the eqyaﬁon, we must €ind the value of the rote, r:
We can use the foct that the half-life of I-131is approximotely
8 days, which tells vs that after 8 dags (+ = 8), only half of

the I-131 (y = 8) remains.

8 = 10brt Substitute the valves into the equa’rion.

8 _lorf
o 16
% _ 8 Notice that this means half the

substance remains after § days.

8 8
} ! =\ r®  Takethe Posif:'ve eiglaf/a root of each side of the eglud'h'on_

]

(=]
=

=r
r =011

We can now replace r by 017 in the equation: y = 1o - 01T

"



So, let's answer the original quesﬁon.

Let £ = time in dags it takes for IT-131to leave the bodg
(unknown).

Let y =10 (milligroms of T-131 thot are left in the patient's
bodg).

10 = 16 « 0917

5 _ "

5 oan

log % = log 017" Take the log of each side of the equation.

|og % = +|og oan AFF'Y the PowerProFerfy oflogarifkms.

5
Iog g
IogO,"lﬂ

t ~ 54245

So, 10 the nearest dag, in 5 dags there will be 10 milligrams
of iodine-131 left in the patient's body.

12
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@t

Solve each of the Following real-life sitvotions using an
exponential function.

WECK vour FHIOLILEREE

A

Harper needs to save $20,000 to purchase a car. She
has $14,000 in savings, and she deposits that money into
a savings account that has an 8.5% interest rate that is
compounded continvously. After how many years will
Harper's savings occount have at least $20,0007

1. What is the growth rote as a percentoge for the 6. The use of pesticides is causing the population of a rare

exponential equation y = 500 « 0.064*7

. The temperature of sweet potato pie is modeled by the
equation T =1Z - 084" + 53, where T is the temperature
m minvtes after the sweet potato pie has been removed
from the oven and placed on a cooling rack. To the
nearest minute, how long will it take for the sweet
potato pie to reach a temperature of ¢199 degrees?

. # technology company deposits 1,000,000 in profits
from an oapp for 1year into a savings account that has
1% interest compounded monthly. To the nearest cent,
how much money will this company have in this account
after 1year?

. Ronald deposits $36,000 into a money moarket account
thot pays 8.2% annval interest compounded quarterly. If
Ronald makes no withdrawals, what will be the balance
in the account to the nearest cent after Z years?

14

insect on a tropical island to decrease at a rate of 1%
each Year. If there are approximately 15800 of these
insects now, then according to this population model,
what will be the approximate population of these insects
in 10 years if the use of these pesticides continves?

An online health and nutrition company purchases
8,000 boxes of organic herbal fea. If in each month the
company sells approximately 11% of the tea remaining
from the previous month, approximately how many
months will it fake for the company to have less than
100 boxes in supply?

The radioactive isotope indium-111 has a half-life of
approximately 5 days. If we have 152 groms of the
chemical in a container, in how many days, to the
nearest day, will we have only 9 grams?

ANSWERS 15



| CHECK YouR AUSKIERS

1. 4%

2. 9 minvtes

3. $1,012,290.08
Y. $42,34543
5. 5years

6. 1,640 insects
1. 38 months

8. 12 dags

16



SOLVING POLYNOMIAL

EQUATIONS AND

INEQUALITIES

POLYNOMIAL EQUATIONS

If we can factor a polynomial into a product of linear
factors, then we can obtain all the ZEROS of the
polynomial using the FACTOR THEOREM.

Let's look ot an example.

£(x) = 4x + 2)(x - B)X(x + ()

Since the linear factors of the polynomial f are x + Z, x - 8,

and x + b, by the Factor Theorem, the 2eros of f are x = -Z,
x =8 and x = -0.

18

The MULTTPLICITY of a zero is the number of times the
factor x - a appears when the polynomial is fully factored.

In the polynomial £(x) = 4(x + Z)(x - 8)(x + b):

X = -L is o zero of multiplicity 5.

X =8 is o 2ero of multiplicity Z. Think: The exponent
tells us the multiplicity.

X = -b is a zero of multiplicity 1.

The FUNDAMENTAL THEOREM OF ALGEBRA stotes
that the number of zeros of a polynomial is equal to its
degree.

NOTE: The zeros can be complex and we need to include
the multiplicity when counting the number of zeros.

Together the Factor Theorem and the Fundamental Theorem
of flgebra provide a nice way to solve many polynomial
equations.

19



EXANPLE: Find the solutions of the polynomial equation
-4xT - 35x = =(x* + 150).

Step 1: Write the polynomial

equation in standard form. STANDARD FORM:

« The right-hand side of the

equation is equal to zero.
-4x% - 35x = -(x3 + 150) « Exponents are in descending
order.

-4xt - 35x = -x3 - 150

X3 -4xt -35x+150=0 fhird—degree Polynomia‘

€1Md+ioh in standard form

Step Z: Factor completely. Since this is a third-degree
polynomial with integer coefficients, we will

use the Rational Zeros Theorem and synthetic
division.

is equa'h'on has three zeros.

.,.

Stort bg using the Rational Zeros Theorem to §ind all
possible rational zeros.

P(x) = 1x3-4x2 -35x+150 =0

Constant term: 150
Leading coef£ficient: 1

20

BZ/ the Fundamental Theoren; o'fAlgebra,

Factors of 160: +1,+2, £3, +5 +0, +10, 15, +25, +30, +50, +15, +150

Factors of 1: +1

#ll possible rational zeros: +1, +Z, £3, £5,+6, £10, £15, £ 25, +30,
£50, +715, +150

Remember: If a polynomial function has rational

zeros, they will have the form L

P _ _ foctors of the constant term
q  foctors of the leading coefficient

Next, test the possible rational zeros by using them as
divisors in synthetic division. There are so many possible
rational 2eros that we will perform synthetic division only
until we £ind one divisor that results in no remainder.

Coefficients of x3 - 4x% - 35x + 150: 1, -4, -35, and 150.

Note: For this example, we could also use
a graphing calculator to find the zeros.

21



SYNTHETIC DIVISION TABLE

Py
q 1 +4 =35
1 . 1 =3 -38 |
i ’ $ ] 4 " 4 T !
3 - 1 H -38 -
5 | 1 1 -30 -

150

nz

12

36

No remainder! -

So, x - 5is a factor. Bg the Foctor Theorem, 5 is a zero of the

polynomial.

Now vse the last row of the table, with 5 as the rotional zero,

o write the quotient polynomial:
xt+x-30

Therefore, x3 - 4x - 35x + 150 = (x - 5)(xZ + x - 30).

22

\We found one of the 2eros: 5.

There are two more 2eros. We can £ind these zeros bg
factoring the quadratic polynomial x* + x - 30.

XL+ x-30=(x-5)x+0)

Step 3: Apply the Zero-Product Property to find the zeros
of the quadratic polynomial.

x-5=0 X+b=0
x=5 x=-0

Therefore, x3 - 4x% - 35x + 150 = (x - 5)(x - 5)(x + b).

Remember: Since X -5 came up as a factor
twice, we say that 5 is a double zero (or
double root) or a zero of multiplicity 2.

So, the solutions of the polynomial equation are x =5 and
X = -0.

23



EXAMNPLE: Find the solutions of the polynomial equation
x*-5xt -36 =0.

Step 1: Since the polynomial equation is already in standard
form, factor completely using the Rational Zeros Theorem
and synthetic division.

P(x) = 1x* - 5xZ - 30

Constant term: -306
Leading coefficient: 1

Factors of -30: +1,+£2, 3 +4,+6,+9, £12, £18, +30
Factors of 1: +1
#ll possible rational zeros: +1,+7, +3, +4, +6, +9, +1Z, £18, +36

Next, fest the possible rational zeros by using them as
divisors in synthetic division.

Notice the polynomial does not have an x> ferm or an
x term. Therefore, before dividing add placeholders.

Coefficients of x* - 5xZ - 36: 1, 0, -5, 0, and -306

24

SYNTHETIC DIVISION TABLE

P
q 1 0 -5 0 =36
-1 1 | = | -4 4 -40
1 1 | 1 | - 14 -40
_ -2 _ 1 | % r -1 | z | -40
Z _ 1 | /A : -1 ] -1 ] -40
-3 1 | -3 | 4 2 0

So, x + 3 is o foctor. By the Foctor Theorem, -3 is o 2ero of
the polynomial.

Now vse the last row of the table, with -3 as the rational
2ero, to write the quotient polynomial:

x> -3xt+4x - 12
Therefore, x* - 5x% - 30 = (x + 3)(x> - 3xL + 4x - 12).

Keep factoring.
25



Step Z: Third-degree polynomial with integer coefficients:
1x3 - 3x2 + 4x - 12

Constont term: -12
Leading coefficient: 1

Factors of -12: +1,+Z,£3,£4,+0, 12
Factors of 1: +1
Al possible rational zeros in reduced form: +1, +7, 3, £4, £, +12

Now use synthetic division to test the possible rational zeros

again.
SYNTHETIC DIVISION TABLE
P
q 1 -3 4 -2
3 1 0 4 0

No remainder!

In the previous table, we found that 1, —1, 2, and —2
were not zeros, so we don't need to try them again.

26

So, x - 3 is o foctor. By the Factor Theorem, 3 is a 2ero of
the polynomial.

Use the last row of the table, with 3 as the rational zero, to
write the quotient polynomial:

xt+ 4
Therefore, x* - 5x% - 30 = (x + 3)(x - 3)(xZ + 4).

Step 3: Apply the Square Root Property to find the zeros of
the quadratic polynomial x* + 4 = 0.

xt+4=0

xt=-4

x=:\-4 =12

Note: The last two zeros are complex.

So, the solutions of the polynomial equation are x =3, x = -3,
x =2i,ond x = -2i.

27



P OLYN OMIAL IN EQUALITIES Step 3: Solve the polgnomial equation.
A POLYNOMIAL INEQUALITY is a mathematical

statement that contains polynomial expressions on both xt+x-12=0
sides of an inequality symbol. (x+4x-3)=0

Examples of Polynomial Inequalities: Step 4: Use the Factor Theorem to €ind the zeros.
xt-5>-x+15 1x>+4x < 1xt 3x% + 3x2 < bx | =-4ond x=3

So, -4 and 3 are the critical values of the polynomiol

To solve a polynomial inequality, first solve the corresponding inequality.

equation. These solvtions are called the CRITICAL VALUES of

the inequality. Step 5: Plot each critical valve on a number line. Since the
inequality symbol in the original polynomial inequality is

EXAMPLE: Solve x2-3>-x+9. greater than, we use open circles ot -4 and 3.

Step 1: Replace the inequality symbol with an equal sign. +—++—+—++++t+—+—t+t+++—+t+t++—+—++

-0-9-8-1-6-6-4-3-21-101123456 18910
xt-3=-x+9
The critical values partition the number line into three

Step Z: Put the polynomial equation in standard form. intervals.
xtex-3=-x+x+9 Interval 1: x < -4
xt+x-3-9=9-9 Interval 2: -4 < x <3
xt+x-12=0 Interval 3: x >3

28 29



++—+++++++++t+t+++t—t1
-1009-8-1-6-5-4-3-2-10117253456 171891

Step b: Test a valve from each interval to see if it satisfies
the inequality.

Let's test -5 (for interval 1), O (for interval ), and 5 (for
interval 3).

x-3>-x+9 xXL-3>-x+9 Xt-3>-x+9
(BF-3>-(5)+9 [ 0*-3>-0+9 52-3>-5+9
25-3>5+19 -3>9 False 25-3>-5+9
12 > 14 True 12 >4 True

Think: The true statements tell us that all values in that
interval ARE solutions to the polynomial inequality.
The false statements tell us that all values in that
interval are NOT solutions to the inequality.

30

Step 1: Shade the portions of the number line thot satisfy
the polynomial inequality. Then write the answer shown on
the graph in interval notation.

++—+—t++t++—++t++t+t+t++t—t
-100-9-8-1-6-56-4-5-1-10123456 178971

x=-5 x=o X=5

Interval notation: (-oo, -4) U (3, 00)

So, the solution set of the polynomial inequality x* -3 > -x + 9
is (-00, -4) U (3, 00).

31



@ CLECCYour (OLLEREE

For questions 1through 5, find all solutions of the following
polynomial equations.

1. -3x% - 44x = -12x3 + 60

2. x3+2x=3x2+0

3. 1x>+2x=8+3x2

4. x*-4x®-Ix*+ 22x = -14

5. x4+ 30 =13x%

For questions b through 8, solve the following polynomiol
inequalities.

6. x3+025x+2x*
7. x3-9xt> -8x

8. 2x*-3x3<9x?

ANSWERS 33



[ CUECK your ASWERS )

== = =_i
1. x=-2,x=0x 7

2. x=3x=V2 ix-~121i
1 A3 1 A3

3.X=Z,X=—T+LT'){=_T_IT

4. x=-lx=-2,x=3x=4
5. x=2,x=-2,x=3x=-3
6. (2,1 U (3 )
7. (0, 1)V (8, o0)

3

8. (_T' O) L (0, 3)

34



SOLVING RATJONAL
QUATIONS AND

An equation containing only rational expressions is called a
RATIONAL EQUATION . A rational equation can have one
solution, more than one solution, or no solvtion at all.

NOTE: Solving rational
equations coan lead to
EXTRANEOUS SOLUTIONS.

Therefore, it is important

to do a careful CHECK
at the end.

36

» . 1, x __7
EXAMPLE: Solve et T T

Step 1: Move all ferms fo the left side of the equation. Use
the "Properties of €quality.

] X 7
T %7 x-Z 0

Step Z: Rewrite the terms using the least common
denominator (LCD).

The LCD for this equation is 5(x - 2).
x-2) _x(6) __2(6) _ 0
5(x-2) (x-2)5) (x-2)5)

x-2 . 5 __10
5(x-2) 5(x-7) 5(x-12)

=0

Step 3: Add.

bx-12
5(x-12)

=0
Step 4: Set the numerator equal to zero and solve for x.

bx-12=0
x=12

37



Remember: A froction is zero whenever the numerator is zero
ond the denominator is not zero.

Step 5: Check to see if the solution is extraneovs. Substitute
the x-value in the denominoator to see if it makes the
denominator O.

5(x - 2)
=52 -12)
=5.0

=0

Therefore, 7 is on extroneous solvtion.

: . 1 X
So, the rational equo\hon 3 + <=7

L has no solvtion.
X-1

EXAMPLE: smve;“M X___bx+5

2 X+l XPedx+1'

Step 1: Move all ferms fo the left side of the equation, and
factor each denominator.

X-1, X __bx+5 _
X+71 x+1 Xt+3x+1

x-1, x ___bx+5 _
X+1  x+1  (x+1)x+))

38

Step Z: Find the LCD. Then rewrite each term vsing the LCD.

The LCD for this equation is (x + 2)(x + 1.

(X-Dix+D) = x(x+2) _ bx+5 _
(x+Dx+1) (x+NDx+2) (x+D)(x+1)

Xt-1  _ x%+Ix __ bx+5 _
(x+Dx+2) (x+NDx+2) (x+Nx+17)

Step 3: Simplify.

2xt-4x-0

(x+D(x+2)

Step 4: Set the numerator equal to zero and solve for x.
Ix*-4x-6=0

2xt-12x-3)=0

Lx-3x+1=0

x-3%=0 x+1=0

X=3 X = -]

Step 5: Check to see if either solution is extraneous.

X=3(x+Nx+2)=3+N3+2)=4.5=20+0

X=-l:(x+Dx+2)=(-1+D(-1+2)=0-1=0

39



So, x = 3 is NOT extroneovs, whereas x = -1 IS extraneous.

Therefore, x = 3 is the onlg solvtion to the rational equa’rion.

X-1 X _ bx+5

So, the solution of the rational equation Xe2 T xe1 XPe3xe2

isx =3

An inequality containing only rational expressions is called a
RATIONAL INEQUALITY.

We can solve a rational inequality just like we solve a
rational equation. However, determining the solution set will

require o little more work.

Let's look ot an example.

EXAMNPLE: Soive 2L7.

Step 1: Rewrite the inequality as an equation.

3x+1

x-4 =L
3x+1 -
x-4 2=0

Step Z: Rewrite each term using the LCD.

The LCD for this equa’rion isx -4

3x+1 _% L X-4 -0

x-4 x-4

3X+ 2. _ ZX—8 - O

xX-4  x-4

);"_]2 =0 the zeros of the numerator and denominator

Step 3: find the critical valves.

Determine when each of the numerator ond denominotor is
equal to 2ero.

numerotor denominotor
x+10=0 x-4=0
x =-10 X =4

Critical valves: x = -10 and x = 4

- NOTE:; Critical values that make a
Step-4: Plot the critical denominator zero will ALWAYS be
valves on a real number drawn with an open circle.

line.

-+ttt
-4-B3-12-1-109-8-1-6-5-4-3-2-1 012 345671891

40 91



Step 5: Test a valve in each interval.

-++—+++—++—+++++—++—+—+——+——++——+—————+—t+t+—>
-16-15-14-13-2-N1-10-9-8-1-b-5-4-3-21-1 0 12 34567 891011Z131%151%

Ihferval 1

INTERVAL 1

3x+1

x-4 2IL

Test x = -12
3(-12)+2 5
-12-4

34,
1o

oo

/A

1

All real numbers
in this interval
satisfy the
ineqyali‘rg.

42

Ihferval 2

INTERVAL 2

3x+1

x-4 s

Test x =0
30)+2 5
0-4

2
3>t

A

L % >7

#ll real numbers
in this interval do
NOT sa+is¥9 the

inequalii-g.

Ihferval 3

INTERVAL 3

3x+1

x-4 i

Test x =5

n>2

All real numbers
in this interval
sa’ring the

inec{ualﬂ-g.

Step b: Shade the number line. Then write the solution.

16-15-14-13-12-1-10-9-8-1-6-5-4-3-2-1 0 12345678 910N1Z131%1BI%

Solution set in inequali’rg notation: x < -10 or x > 4

Solvtion set in interval notation: (-00, -10) U (4, o0)

3x+1 )
~—4 >7is

So, the solution set for the rational ineq'ualh‘g
(=00, -10) U (4, o0).

'EXAMNPLE: Solve % o)

Step 1: Rewrite the inequality as an equation and factor the
numerator.

(x+Dx=-4) _

X-3 0

Step Z: find the critical valves.

numerotor denominotor
x+1=0 x-4=0 x-3=0
X =-1 x=4 X=3
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Critical valves: x = -1, x = 4 and x = 3 INTERVAL1 | INTERVAL2| INTERVAL3 | INTERVALY | |

Step 3: Plot the critical valves on a real number line. ooty 0 . L im i 0 Ay 0 o APy 0
X-3 X-3 X-3 Xx-3

Since the expression is greater than or equal fo 0, plot -1 and Testx =-1 Testx =0 Testx =35 Testx =0

4 vsing o closed circle. Plot 3 with an open circle becovse it
(_2-)1_3(—2-)_4 . O OZ_S(O)_4 71 O 351_3(35)_4 p O (02_3((0)_4 . O

makes the denominator O. 73 L 0-3 A 353 L 0-3 £
b -4 -1.15
At =40 30 CRE
543721 01273451418
-%eo %50 -45¢0 %450

Step 4: Test a valve in each interval.
#All real numbers | Real numbers | All real numbers * Real numbers

+—+—t+—t++t+—t+—+—++—t+++++++ in this interval in this interval! in this interval in this interval
S5 -43-72-1 012345%678910M0 sotisfy the do not sotisfy | sotisfy the do not satisfy
inequality. the inequality. | inequality, the inequality.
Interval | Interval 2 Interval 4
Interval 3 [ ] ) )

Step 5: Shade the number line. Then write the solvtion set.

v

e
‘%Z S5 -4 -3 -7 -1 0 1

Solvtion set in inequali’rg nototion: x ¢ -lor 3< x ¢ 4

N -t
N ==
D
U1 ==
G -t
—_
QO =
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Solution set in interval notation: (=00, -1) U (3, 4)

So, the solution set for the rational inequali+9
(=00, -1] U (3, 4).

x:-3x-4

xX-3

c0is

&t

46

For exercises 1 +hrough 3, solve the rotional eclua‘rion.

1. X+4 X"’] 0

X+b x+1

) 4 _ b _ 12
T x+1 x+4 xl+bx+8

For exercises 4 +hrou9h b, solve the rotional ineqyaliﬁes.

y, XZ;Z_XZ-L‘Jzo

xt-1x
T (x+5)(x-2)

Xt-x-0 o
(x-1*

ANSWERS

WECK vour (LIILEDEE
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[ CUECK your ASWERS )

3. x=-londx =3
4. (-3,2) L (5 )
5. (-5,0)

6. (-00,-2) L (3, o0)

48
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%M’E@l%

A CONIC SECTION is the intersection of a plane and a

righ‘r circular cone.

There are different types of conic sections:

circle Farabola e“iFse lsy,;erbola

Foinf line inferseCfing lines

20

EQUATIONS QOF CIRCLES

A CIRCLE is the set of all points ot a fixed distance from
a fixed point. The fixed distance is called the RADIUS of the
circle. The fixed point is

called the CENTER of 7
the circle.
radius (r)
We can find an equation —— (h’k)x 1 -
of a circle with center (h, k)
and radivs r by using the
DISTANCE FORMULA. i

d = {(x, - x)+(y, - y)*

First, svubstitute (h, k) for (x;, Y ) and r for d into the distance
formula:

NOTE: There is no reason to include the
r=a(x-hts( y- kY subscripts on the variables x and Y anymore.

Then square each side of the equation and simplify.

rt = (N (x-h (y-kn )

rt=(x-ht+ (y - k) | This is the standard form of

fAe eiuaﬁon of a circle.

21



The standard form of the EQUATION OF & CIRCLE with
center (h, k) and radivs r is:

(X-hP+(y-KE=rt

EXAMPLE: Ffind the standard form of the equation of the |

circle shown in the groph.

y .
Step 1: Identify the
center and radivs of
the circle. ﬂ
-5 -7 - 1 2 3 4 5
(-2,-1)

T R

Center: (h, k) = (2, -1);
rodivs: r=6b -2 =4

4

Step Z: Substitute h, £,
ond r into the stondard form of the equa’rion of a circle.

(X A+ (y-FpF=rt
(x =2+ (y- (=D =4
(x =2+ (y+1>=10

So, the standard form of the eQuo‘rion of the circle is
(x -2)+ (_‘/ + N = 16.

-]

Graphing a circle whose equation is NOT in standard form
requires o few more steps.

\We often vse the procedure of COMPLETING THE SQUARE
to rewrite an equation of a circle in standard form. Once the
equation is in standard form, the center and radivs can be
found.

EXAMNPLE: Rewrite the following equation of a circle in
standard form and indicote its center and radivs. Then
graph the circle on the coordinate plane.

qua’rion of circle: x% + yz - bx - 4y +9=0

To rewrite the equation in standard form, we will complete
the square.

Step 1: Move the constant to the right side of the equation,
group the x-terms together, and group the y-terms together.

x1+y1—(ox—4y+°l—‘ﬂ=0-°l

(x2 = bx) + (y* - 4y) = -9

23



Step Z: Complete the square for each variable and balance
the equation.

(XL - bx) + (yz - 4y) =-9 Tdentify the coefficients of the
x ond y terms.

half of -G siuared half of -4 squared

(xL - bx +lc|) + (yz - 4y +4)=-9+9+4 Square each coefficient,
divide the result by 2, and
Add the same values to the other add that value.
side to balance the equd'h'oh,

(XZ - bx + cl) + (yz - 4y + 4) =4 Now fke 'eﬂ'—’mnd side of
the e1ua'h'or: is the sum of
two Ferfecf squares.

Step 3: Factor the perfect squares.
(X2 =bx+ N+ (Y2 -4y +4) =4
becomes (x - 3)* « (y - 2)* = 4

Step 4: Locate the center of the circle and its radivs.

The center is (h, k) = (3, 2) and the [ Think: 22 = 4
radivsis r = Z.

N\

24

Step 5: Drow the groph of the circle.

Plot the center. Plot four additional points using the radius.

Connect the points to form the circle.
Iy O x-3pey-2r-4
3

alzeB3.2) e (5,2)e

1 x

ST T Tz3 5o
-l (3,0)

-2

~

EQUATIONS OQF ELLIPSES
An ELLIPSE is o stretched out circle. In this chapter, the
s+re+ching will occvur either horizon+all9 or ver+ical|9.

The standard form of the EQUATION OF AN ELLIPSE with
center (h, K) is:

(x-ht (y-k*
al +ybz =1

In this eqyaﬁom
a is the horizontal distance from the center to the
rightmost or leftmost point on the ellipse. (These two

points are called vertices)
23



b is the vertical distance from the center to the top or
bottom point on the ellipse. (These two points are called

vertices.)

The MAJOR AXTS is the line segment between the two
vertices of the ellipse that are farthest from each other.

The MINOR AXIS is the line segmerﬂ- between the other two

vertices of the ellipse.

If a > b, then the ellipse will have a horizontal mojor axis.
In this case, the length of the mojor axis will be Za and the
length of the minor axis will be Zb.

E“iPse centered at the origin with a

horizontal major axis

Y 4

3

(0,b)
)

“~

Minor Axis
0,0 (a,0)

center

:
(0,-b)

26

The four Foihfs
labeled on the
9raFL are 'H‘:e

vertices of

the elliPse.

If a < b, then the ellipse will have a verfical major axis. In
this case, the length of the major axis will be Zb and the
length of the minor axis will be Za.

A
J ob Ellipse centered at
the origin with a
vertical madjor axis
>
Major
xi$
I(—a,O) (a.O)\
f / (0,0  x
Minor
center xis
!
(0,-b)

F_lliFses are NOT always centered at the origin.

~Y 91
(h K +b) (h,l‘+b).
L
LS
Minor Af an'{‘or
(h-a.lk) (h, k) \(h+a, k) ¢ ;
N % (h-a, k)
ijor center 14 (h'k)‘ Mipor‘ ®(h+a,k)
xi$
AXIS Cehfer
o
(h, K -b)
(h,k2b) .

21



EXAMPLE: Ffind the standard form of the equation of the
ellipse shown in the groph.

Step 1: Identify the center (h, k) and the lengths of the
major and minor axes (Za and Zb) from the graph.

This ellipse has a horizontal mojor axis with its center at the

origin.
center: (h, k) = (0, 0)
The length of the mojor axis is Za = 5 - (-5) = 10.

x-value of  _ x-value of _ fotal length
So,a = 5. rig‘vf vertex left vertex of axis

The length of the minor axisis 2b = Z - (-2) = 4.

,v-vdlue o'F - ,v-vdlue o'F = fcfal ,ehg'H\
SO, b=12. ‘l’of vertex bottom vertex of axis

28

Step Z: Substitute h, £, a, and b into the standard form of
the equation of an ellipse.

(x-hF , (Y-kE _,

at  b?
x-0% (y-02_,
5t 1t
A /3
;_5 . 34_ =1
Soz, the sz+andard form of the equation of the ellipse is
;—5 + T 1.

*EXAMPLE: Rewrite the following equation of an ellipse
in standard form and indicate its center and vertices. Then
groph the ellipse on the coordinate plane.

Ax+ 4y* - 54x + By + 49 =0
To rewrite the equation, we will complete the square.

Step 1: Move the constant o the right side of the equation,
group the x-terms fogether, and group the y-terms together.
Then factor each varioble grovp.

AxZ + 4y7- -b4x + 8y +49-49=0-49 Movethe constant.
39



Ax-3)F  4(y+1* _

(Ax% - 54x) + (4yz + 8y) = -49 Grou'; the terms and factor. 36 + 26 =1
- (x=-3)F  (y+0* _
AxE = bx) + 4y* + 2y) = -49 PR =1
Step Z: Complete the square for both variobles and balance Step 4: Locate the center of the ellipse and its four vertices.
the equation.
The center is (h, k) = (3, <. Think: Since @ < b, the ellipse
AXE - 6x) + 4y + 2y) = -49 has a vertical major axis.
G 7 Use a and b to €ind the four
(- 7)1 (7 s vertices.

AXE = bx + A+ 4y + 2y + 1) = =49 + 81 + 4 ‘—\
Since a = \/_ = 7, there are vertices ot (3 -2, -1) = (1, -1) and

Think: We are adding A(q) = 81 and 4(1) = 4 to the left side of at(3+2,-1)=(5,-.
the equation. So, we need to add 81 and 4 to the right side.

Since b = */_ = 3, there are vertices at (3, -1-3) = (3, -4) oand

AUxE = bx + A+ 4y* + Zy + 1) = 36 ot (3, -1+3) = (3, 2).
Y 1
Step 3: Factor the perfect squares and rewrite in standard Step 5: Plot the vertices 4
form. and connect the points > e
. A °
o groph the ellipse. | x
-3+ + D2 = & )
Ax - 3%« 4y + 7 = 36 ST 123 %25 6 1 8%
-1(1,.-1) (3._1) 6.0
Ax-3)2+4(y+ 12 _ 36 2 :
36 36 -3
NEERZ
-5
I

€0 61



EQUATIONS OF HYPERBOILAS
A HYPERBOLA is like an ellipse that has been turned
inside ovut. Theg can have a horizontal axis or a vertical axis.

The standard form of the EQUATION OF & HYPERBOLA with
o horizontal axis ond center (h, k) is:

(x-h7  (y-k»
Py EERA R RS,
In this eqpaﬁom a is the horizontal distance from the center

to the nearest point on the left or right. (These two points
are colled VERTICES)

The HORIZONTAL AXTS is the horizontal line segment
between the two vertices of the hyperbola. The length of the
horizontal axis is Za.

AN Ve
\ Ya /
™ ot /7
\ 707
\\ \))” ’/

\ 7/

\ 7/
vertex: \\ /, vertex
(-0,0) \ (o’o) (a,0)

N\

& —
N\
/
(h’,;)/ &\\\\\ horizontal

axis
/ NN
NN
/ <@ —- \
7 \
/ ~ \N

62 Hyrerbola with a horizontal axis

The standard form of the EQUATION OF & HYPERBOLA with
o vertical axis ond center (h, k) is:

(y-B  (x-hp
‘ at | bt il

In this equo&ion: b is the vertical distance from the center
to the nearest point above and below. (These two points are

called vertices.)

The VERTICAL AXIS is the vertical line segmemL between the
Two vertices of the hyperbola. The length of the vertical
oXis is 2b.

\\ vertex: /7
\ (0,6) pid
\
N 7
\ st
o
/(\—\’ /7 /\0
: N 7 \7
vertical axis N /
N7
¢ — - 50) -
cenfer//> K\ x
hw 7 NE
/ AN
/
/ \\6\+
7/ N\ ‘
7 \
7/ vertex: AN
// (O‘-b{[ \\ ‘

Hylaerbola with a vertical axis
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The ASYMPTOTES of o hyperbola are straight lines thot
guide its shape as it goes to infinity.

For a hyperbola with a horizontal axis, the equations of the
asymptotes is:

gkt 2(x-h

For o hyperbola with a vertical axis, the equations of the
asymptotes is:

Y=k g (x-h

Note: The difference between the asymptote
equations is that @ and b are flipped.

~—

EXAMPLE: Graph the hyperbola Y=l - D28 g

Step 1: Identify 4, £ a, and &

From the given equaﬁon, which is in stondard form, we see
+ha+ﬁ=—2,k=1,a=V1b =4,omdb=*/1(o =4

Step Z: Plot the center (-Z, ).

(1]

Step 3: Use & to £ind the two vertices and plot them.

Since & = 4, there are vertices ot (-2, 1-4) = (-2, -3) and ot
(<2,1+4)=(-2,5).

Step 4: fFind the asymptotes.

“k+ D (x-
Yy k-b(x h)
y=1eFx- )
y=1~:(x+2)
y=1+(x+2) y=1—(x+2)
Y=x+5 Yy=-x-1

Step 5 (optional): Find one or two more points on the hyperbolo.

\We con £ind what the y—values ore for x =1 bg subs+i+u+ing
1£or x in the original formulo.

(-1 (22,
1o 1o

(y-12 (27 _
]{'w 1@) 1(16)

(y-1%-32 =16
(y-12-9=16
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(Y-102-9+9=1+9
(y-1=125
Yy-1=1+5

So, fwo points on the graph of the hyperbola are (1, ) and (1, -4). |

Step b: Drow a hyperbola through the plotted points.

94
5
& "
AN 10 X
+\/ +
(-2,5) | o
o5 (1,b)
T -2,) &9 5\:
T 5 10 S/ 5 0 3 07
(—Z,;S)

N

The graph shown is the hyperbola with equation

(Y- _(xs2
16 16 '

EQUATIONS OF PARABQILAS
The standard form of the EQUATION OF & PARABOLA with a
vertical axis of symmefry ond vertex (h, k) is:

(x = h)? = a(y - k)

Axis of A
Symmefry vertex
AN (h.k)
a<0
a>0
(h.k) v
verfexﬁ Axis of
Symme'h—y
Parabola with a vertical axis
a>0

The standard form of the
EQUATION OF A PARABOLA
with a horizontal axis of
symmetry ond vertex (h, k)
is:

(4y - k% = alx - h)

vertex
\’ Axis of

(h,k) Symmefry
Verfex
Axis of
Symmeh—y (h,k)
a<0

Parabola with a horizontal axis

61



EXAMPLE: Ffind the standard form of the equation of the
parabola shown in the graph.

Y 4

(21,8)
°

o (21,0

-5 5 10 15 20 o 30

W R

A
[

Step 1: Tdentify the vertex.
vertex: (h, k) = (5, 4)

Step Z: Substitute h and k into the standard form of the
equation of a parabola with a horizontal axis.

(y -k =alx -h) standard form of the equation of o
parabola with a horizontal axis

(y - 4% = alx - 5)

Step 3: To find the value of a, substitute one point on the
parabola into the equation and solve for a.

Point: (21, 0)

(y- 47 =alx -5)
(0-4*-=a(21-5)
(=47 = a(16)

16 = 16a

16 + 16 = 16a + 16
1=a

Equation: (y - 42 =1(x-5)

So, the equation of the given parabola in standard form is

(y-4%=x-5.
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@ CLECKvour [IOLEDCE

1. Find the standard form of I,
the equation of the circle :I)
i 9
7 shown in the graph. .
D _ Indicate its center 1
. ® (0.6) @0
and radivs. (-50) 5
4
3
yA
off ¥
Ns ¢ >
B ~10-9-8 -1 -6 5 -4-3 -2 -1 112
‘”»\;A <&

2. Rewrite the following equation of a circle in standard
form and indicate its center and radivs. Then groph the
circle on the coordinate plane.

x1+y1+8x—(oy—ﬂ=0

3. Find the standard form of the equation of the ellipse
shown in the graph. Indicate its center and vertices.

i_q'O) q,0)
10 -1-8-1-6b 5 -4-3 -2 -1 117_34 56 1 8 IOX/E

n



Rewrite the following equation of an ellipse in standard

form and indicate its center and vertices. Then groph
the ellipse on the coordinate plane.

4x« Yyt - 31x - 14y + 49 =

0

Find the standard form of the equation of the hyperbola

shown in the graph. Indicate its center and vertices.

y 4
10
(-10.8)\ %010,8)
5
- (-6,-0) | (6,0 1 #
T -15 -10 75 0,0) 5 10 15 20 ©
-5
10,-8
$(-10,-8) o(10-8)

6. Rewrite the following equation of a hyperbola in
stondard form and indicate its center and vertices.

X2 - loy? - 36x - 32y - 124 =0

72

1. find the standard form of the equation of the parabola

shown in the groph. Indicate its vertex and axis.

49

(0,33) ¢

50

25

20

o (10,33)

A

8. Rewrite the following equation of a parabola in

standard form and indicote its vertex and axis.

Y -x+8y-20=0

ANSWERS
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[ CUECK Your AISWERS )

1. (x+5)1+(y—(o)z= 15
center:(-5, b)
radivs: 5

2. (x+ 4+ (y-3)"=30
center:(-4, 3)

radivs: ©
XL Yy
I A

center:(0, 0)
vertices:(0, 4), (0, -4),
9, 0), (-9, 0)

-2, -T2 _,
o oA

center:(4, 1)
vertices: (0, T), (8, ),
(4,15), 4-1)

74

A
J 7
n
10
q
8
6
radius = 6 2
(—4,3)__
2
ol x
Xy g L3457
-2
-3
-4
(x + 4% + (g - 3 = 36 ¥
A
Y1, 4
“
()
12
A (x=4" , (y=1" _
: 16 04
8
on® QU @D
6
5
4
2
ol
‘-1 1234 5% 18 9107
-1 ® x
-2 (4-1)
A 4

1

e

center:(0, 0)
vertices:(-6, 0), (b, 0)

-2 (et

16 9

center:(Z, -1)
vertices:(-2, -1), (6, -1)

] (x-5)2=y—8

vertex: (5, 8)
oxis: x =5

- X+ 30 =(y+ 4"

vertex: (=36, -4)
oXis: Y = -4
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A& MATRIR isa rectangular array of numbers.

Here are some examples:

ac| O 1 a-| 3 1 2
3 2 1 4 5

2 -5 3 -
c=| -4 0 2 -2
0 -2 -4 1

fAiso 2 x 2 MATRIX becavse it has Z rows ond Z columns.

2 columns

A"
zw<[ 0 ! }

76

Bisa Z x 3 MATRIX. Cis a 3 x 4 MATRIX.

4 columns

3 columns

2 rows <[ ” B } _4 O 2_ _2_ >3 rows
145 0 2 -4 1

Two matrices are EQUAL if +heg have the some size and all
their elements are equal.

Forexample,i€|: x Y i|=|: o 1 i|
z w 5 1

+henx=0,y=1,z=3,andw=2.

ADDITION AND SUBTRACTION
OF MATRICES

\We con add or svbtract two motrices on/y when ’rheg have
the some Size.

For example, we can add the matrices below becavse both

have the some size: 3 x 7.
Add COerSFOhd;hg elements.

1 -7 2 1 142 -7+1 5 -
Z 5 |[+] 3 0 |=| Z+3 3+0 |=] 5 3
0 - 5 -1 0+5 -1+(-2) 5 -3
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\We con subtract the matrices below becavse both have the | EXAMPLE 2:

some Size: 3 x 2. _ = This orobler has
{Subfracf corresponding elements. _ 2 Z 3 -5 1 0 ‘_MJH”."}’.C“:;O'\
1 2 2 1 1-2 2 21 4 -3 B 5 -1 yA /A and subtraction.
2 3 [-]1'3 0 (=] 2-3 3-0 |=[ -1 3 . =
0 - ) 0-5 -1-(n) | | -5 1 | | Eer 23 G| 5el 500
| 2.5 1-(2) 5.2 5.1
MULTIPLICATION OF | = 4 0 - 5 0 Subtract corresFonding
MATRICES | 10 -4 | 10 10 | elements.
To multiply a matrix by a real number (called o SCALAR), . = =
multiply each element by that number. . ) Bl
0o -1
EXAMPLE 1:
= We can multiply two matrices together if the number of
b z 53 :| columns of the first matrix is equal to the number of rows
L of the second matrix.

For example, consider matrices #, B, and C below:

(V]

1 3.(1) 3.(2)

- 12
| e 5 ao| O 1 a<l 2 3 co| 120
B 3 2 o 0 3

7 x12 3x12 7 x3

[ 3.2 3.(5) 3.3 }

18 1



We can multiply # times C because # has Z columns and
C has Z rows.

2 columns

N\
o 12 0 i
AC_[B z}[o 3 @}‘>2

We can multiply B fimes C becavse 8 has Z columns and
C has Z rows.

2 columns

1 -2
1T 2 O
BC= 2. 3 2row5
[o 3 6 }‘>

We cannot multiply # times B because # has Z columns and
8 has 3 rows.

2 columns
/\' 1 -2
AB = |: 0 i| 2 3 > 3 rows
3 1 0 4

These are the products we can form:

A AC BA BC (B

These here are the products we cannot form:
A2 BB CA CC
So, how do we multiply two moatrices?

For each row of the first matrix and each column of the
second maitrix, we add vp the products element by element.

Let's compute the product AC as an example.

AC = o 1 . 17 0 (.| x Yy 2
5 1 0O 3 6 v VvV w
1x12 1x53 1x53
Since x is in the first row and first column, multiply the first

numbers in the first row of & and the first column of C. Then
multiply the second numbers. Add the products.

x=| 0 ][ ; }=o-1+1-o=0+o=o.

Since v is in the second row and first column, multiply the
first numbers in the second row of & and the first column
of C. Then multiply the second numbers. Add the products.

v=[ 3 2 ][ ; }3-1+z-o=3+o=3.



Follow this procedure to compute the values of the remaining
elements y, 2, v, and w.

The final product is

ac=| O0-1+#1:0  0:2+1-3  0-0+1-06
2.147240 2.2472.3% 3.0+42+0

| 0 3 % Notice that the product of o

i 3 7 17 Z X 2 motrix ond a 2 x 3

motrix is & 2 X 3 motrix.

The innermost numb
(both 2) must agree, il:\sd
+he resvlting product has o
Size given bg the outermost
numbers (2 and 3),

"EXAMPLE: Ffind the product.

First determine if you can multiply these two mairices.

1 5 19
5 6 1 9
8 19 5 8 1

The first matrix is a 3 x 3, and the second matrix is also a
3 x 3. Since the humber of columns in the first matrix (3)
moaitches the numbers of rows in the second matrix (3), these
matrices can be multiplied.
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1e1427+33 1e5+42:2+3.8 1:9+2:.9+3.]
=] 4:145:70+p<3 4:5+5:2+0p8 4:9+5:9+0-]1
_-l-]+8o-|+q03 1‘5"’8‘2.'.'(:“8 -I-cl+8oc1+c|-]
[ 24 33 30

= 51 -]8 8-] Remember: hnul'h";ly 'H1e rows o'F‘H,e 'F,',—sf hndfrix
Q0 123 144 with the columns of the second matrix.

REAL-WORLD APPLICATION
OF MATRICES

Matrices are often vsed in the real world to organize ond
moke sense of dota sets.

Let's look ot a retail example.

EXAMNPLE: A+ Bellany's Boutique, classic T-shirts cost
$15.50, lounge pants cost $2115, and colored socks cost $1099.
Gilda purchases 5 classic T-shirts, 3 pairs of lounge pants,
and 4 pairs of colored socks. Patricia purchases 4 classic
T-shirts, Z pairs of lounge pants, and b pairs of colored
socks. Which individval spent the most money?

To solve this problem, we can vse matrices to find the
amount of money Gilda spent and the amount of money
Particia spent. from there, we can determine who spent

the most.
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Step 1: Set up a matrix & to show the number of items each
woman purchased. Then set vp a matrix B o show the cost
of each item.

Matrix #:

Let the top row indicate Gilda's purchases.

Let the bottom row indicate Patricia's purchases.

A= 5 3 4  Gilda's Purclmses
4 /A b & Patricia’s Furclmses

Motrix B:

Let the single column indicote the price of each item.

15.50
B=| 7115
1099
15.50
[5 > 1 } 2175 | = A8
4 1 b 1099
7 x3 3 x1 7 x 1

84

THINK: Since the number of columns in the first
matrix (3) matches the numbers of rows in the
second matrix (3), we can multiply these matrices.

Step 2: find the product matrix AB to determine the amount
of money Gilda spent and the amount of money Patricia
spent.

A = 5+1550 + 32175 + 4 - 1099
41550 + 2 « 2175 + 6 - 1099

1150 + 65.25 + 4396
| 62.00 + 4550 + 6594

_[ 8o
| 144

Gilda spent $18611. Patricia spent $11144. Therefore, Gilda
spent more money ot Bellany's Boutique.
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WECK vour FHIOLILEREE

b -2
1. Given the following motrices # and B, determine 6. Lz 7 |- |: _Z‘o _3]: :|
whether # = B. Justify your answer. 0 -1
7 -1 7 -1 = -
A=| 4 1 [, B=] -4 1 7. | 00 -[24 '4}
5 5 | -8 25 | -6 3
For questions Z through 1, perform the indicated operation. 8. The manager of a home decor store purchases 15
B bedsheet sets for $46 each and sells 48 pillows for $28
-2 35 0o -l each. Did this store make a profit or loss from these
2.1 8 5 |+ -Z 1 purchases and sales? Use matrix multiplication to £ind
T 0 n 3 the total revenve.
5 1 1 5 12 15 9. Explain why matrices # and B cannot be added. Then
3./ 1 10 -6 |- -1 N -20 explain why they cannot be multiplied.
6 8 0 1 18 0
- -4 b - A=[1 4 0]3{-5 8i|
B o B A b 1 31 20
q. o % -nj {0 -2 0
11 -z [ [ 1 8 -6

5 25 30 |_| 10Z -50
-bZ -45 31 N
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CUECK Your QISWERS

1. &= 8.

Two mairices are equal if they have the same
size and all of their elements are equal. For the given
modtrices, one element (4) in the first matrix (Row Z,
Column 1) does not equal the corresponding element in
the second moatrix (-4).

-7
b
18

0 »

4 -141
6. | -8 406
41 -745

, | 5%
[ 342 107

46 |
s.[ 48]-[28} [ 21006 |

A negative answer means the fotal revenue represents a
loss. The loss was $2.,106.

9. To oadd two motrices, ’rheg must be the some Size.
fiso 2 x 3 moatrix and Bis Z x Z motrix.

To multiply fwo matrices, the number of columns in the
£irst motrix must be the same as the number of rows in
the second madtrix. Since & has 3 columns and B hos 2
rows, this is not the case, and therefore & and 8 cannot
be multiplied.
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DETERMINANTS
axo CRAMER’S RULE.

The DETERMINANT of the 2 x 2 matrix [“ Z } is ad - cb,
C

det| & P |-
¢ d

The determinant of the matrix & is denoted bg det A
or |4

=ad - cb

For example, let's compute the determinant of the following
L x 1 matrix.

a-| 0 1
|4 = O 1 ].0.2-1.3-0-3--3

abc
The determinant of the > x 3 motrix| d e f |is
(aei + bfg + cdh) - (gec + hfa + idb). g h i

a b c a b e |.a b
det| d e £ |=| d e F£ |d e
9 h i -9 N = 9 h

= (aef + bfg + cdh) - (gec + hfa + idb)

Here is another way to do the computation.

a b c
det| d e €
g h [

=a -de+|:e 1f:|—b-de+|:d F:|+c-de+|:d ei|
h i g i gh

EXAMPLE: €voluate the determinant of each motrix.

5 91 -
1.4-| 3 -2 0
Z 10 1

AHl=5:(-2)«1+9:024+(D)(3)210-2+(-2)«(-])-
10:0:5-T-(3).9

- 145
"



SolAl=] 3 -2 0 |-15

2 10 7
5 0
2/ | 1 2 1
3 4
5 0 A
det| 1 2 4
3 4
c5edet| 27 o) edet] Ve o det]| V2
4 1 3 34
- 5[2 - (-4)) - 14 -(-6))
S 52+ 4) -0 -14+0)
- -5(6) - 1(10)
- 30-10
- 40
5 0 4
So, det 1 2 - = =40,
3 4
92

Determinants can be vsed to solve linear sgs’rems of
equations using a method called CRAMER’S RULE.

Consider the Following linear sgsi-em:

ax+by=e
cx+dy=(

The COEFFICIENT MATRIX of this system is the modrix [“
C

This is just like it sounds: a matrix
made up of the equation’s coefficients.

According t+o Cramer's rule, the solvtion of the sgs+em:

b a

]

cx+dy=f a a

e
ax+by=e f d c
iS x = ) omdy=
c d

Q o | ©

c

THINK: Because the coefficient matrix is found in the
denominator, Cramer’s rule can be used only if the
coefficient matrix has a nonzero determinant.

3



WECK vour (LIILEDEE

o P
- EXAMNPLE: Use Cramer's rule to solve the following linear | @ i @

sgs’rem of equaﬂons. i

- 8x + Zy =4 i For qyes‘rions 1 +hrough 3, evalvote the determinant of eoch
0 -1X + 3y =13 motrix.
' Substitute. Calculate the determinants. Then solve for 1. L -z i|
. x and Y. 7 | 4 6
4 17 g8 4 7 _ _
B3 2 1 ] -8 1
X = g 2 y-= 5 2 1 2. 10 -2
. -4 -5
-2 3 -7 3 - -
i ] [ 9 ¥ 2 |
___(4‘3)_(2.'13) - (8‘13)_(4‘_2-) 3 5 3
©8.3)-(2--2) | 8+3)-(-2--2) J
| A l -6 0 4
i ad 1Y B -
. 18 . 18
For qyesﬁons 4 +hrough b, vse Cromer's rule 1o solve the
1 . .
- =4 3 linear sgs‘rem of eqyahons.
i ‘ _ 1 1 bx - By =3
« S0, the solution of the system is x = - 7 ond y = 4. ' q. { 3x-2y=1

Ix+y=1
2 {—ZX+3y=l1

3x+1y=4
4 { 4x+y=-3 B
ANSWERS 95
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The multiplicative identity for the set of real numbersis 1
becauvse 1. x = x « 1=x for every real number x.

Certain square matrices are also identities. for example, the
2 x2 IDENTITY MATRIR is the matrix

Lot

This matrix I is called an identity matrix becavse whenever
we multiply it by another madtrix #, if the product exists, then
the product is equal to #.

1 0 O
Similarlg, the 3 x 3 idem‘i’rg motrix is I = 0 1 0
O 0 1

98

For example, if & =

Z -3
-6 5
4

1 0
0 1
0O O

0
1

,then Th = AT = 4.

[ 2.14(-3)20+4-0 2-0+(-3)+144-0 2-0+(3)-0+4-1

(<6)+1+5:0+8:0 (-b):0+5:1+8:0 (-6)0+5:0+8-1
711+1:0+0-0

[ 1.240-(0)+0-
0:2+1-(6)+0-
| 0.240-(-0)+1-

1

1:0+11+0-0 1:0+1:0+0-1
& True
7 -3 4
-6 5 8
1 0
1¢(-3)+0:5+01 1:4+0:8+0-0

T 0:(-3)+1-5+0-1 0:4+1:8+0-0
1T 0:(3)+0:5+1:1 0:4+0:8+1-0

A

True

9



The inverse of the Z x 2 motrix & = |:a Zi| i€ it exists, is
c

1 d-b
A - .

Note: In order for the inverse to exist, the determinant
I4] = ad - bce cannot be 0.

The product of o motrix and its inverse is the identify
matrix.

EXAMPLE: Find the inverse of # - |: 43 i|

SEIIH

Step 1: Substitute a =4,b =3, c=3 0and d = Z in the formvula
for the inverse.

g 23| |23|.|23
4:1-3-31 34 3 4 3 -4

100

Step Z: Confirm that AA =T = A A

(43 [23| [ 4.¢0)+3-3 4.3:3.c8 | [10
32 |3-4) [ 3-(D+2.3 3.342.¢4 | |01

(23|[43]| [ 2-4+3.3 2.3.3.2 | [10
343 2] | 3-4¢9-3 3.3:49.2 | |01

So, A = L3
3 -4

SERAMPLE: Determine whether the given matrices are
inverses of each other.

5 4 1 n 2z -8
=] 0 2 1 JondB=| 4 1 -3
4 -5 3 8 -1 6

Remember: The product of inverse matrices is the identity
modtrix.

5 -4 1 n 2z -8
o 72 1 4 1 -3
4 -5 3 -8 -1 6

101



[ 3 11e(c4)2442(-8) 3-2+(-4)e1+2(]) 3(-8)+(-4)D)+2-b
| 0eNe2e4410(8)  0:2+241410()  0+(-8)+2(-3)+1-b
| 4.T10(5)-4+3(-8) 4:24(-5)+143(]) 4(8)+(-5)3)+3-6

1 0 O
=l 0O 1 O the identity moatrix
| 0 0 1
n 2 -8 3 -4 1
4 1 3 0O 72 1
-8 -1 6 4 -5 3

Ne3+20+(-8)+4 N(=4)+2 « 2 +(-8)(-5) NeZ+21+(-8)e3
4e¢3+10+(-3)4 4(=4) + 1+ 2 + (-3)(-5) 402 +1e14(-3)3
s (-8)e3+(-Ne0+b4 (-B)-D+(-1)22+6(-5) (-8)eZ+(-Nel+be3

1 0 O
=l 0 1 O the identity motrix
0O 0 1

Since AB and BA are both eclual {0 the iden+i+9 motrix, & and
B are inverses of eoch other.

102

A motrix that has an inverse is called invertible, while a
motrix thot does not have an inverse is called noninvertible
or singular.

| EXAMPLE: Determine if the given modrix # is invertible.
A- Q o
12 8
& is invertible onlg if its determinant is not O.

A=9:8-6-12-12-712-0

. Since |4 = 0, & is noninvertible.

103
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For clues‘rions 1 +hrough 3, £find the inverse of each moatrix.

WECK vour {IOWLEDEE !

L5 2
N
ER—
+ 0
3 45

4. Detfermine if the given matrices are multiplicotive
inverses of each other.

5 4 5 10 2 -125
-2 5 0 Jond|l 4 1 -10
1 7 2 -Q -7 123

For qyes‘rions 5 and b, determine i€ the given motrix is

invertible.

X
6

14

ANSWERS
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| CHECL Your ASWERS |

(- =/ 5. |4] = -21 = 0, s0 A is invertible.
1. i
1 = 6. || = 0, so # is noninvertible.
12
.| T
_5 3
s | 4 0

4. The given matrices are multiplicative inverses of
each other becavse the product of these matrices is
the 3 x 3 identity matrix

1 0 O
o 1 O
0O 0 1



ARITHMETIC
SEQUENCES

A SEQUENCE ison arrangement of numbers in a
particvlar order.

A sequence con be FINITE, such os the sequence 1,2,3, 4,5.

A sequence can be INFINITE, such as the sequence 1,2,3, ...

The three dots (called an ell.Fs.s) indicate
'H)e numbers keeP 9o:h9 lhflhnfely

In both sequences obove, the number 1is the first term
of the sequence, the number 7 is the second term of the
sequence, ond so on.

In general, the nth ferm of a sequence refers to the position
of the term in the sequence. for example, the fifth term of

both sequences obove is 5.
108

An ARITHMETIC SEQUENCE is o sequence such that the
difference d between consecutive terms is constant. The
difference d is called the COMMON DIFFERENCE of the
arithmetic Sequence.

Both the finite sequence ond the infinite sequence given
on the previous page are arithmetic sequences with

common difference d = 1.
Each term is | more
f’jdh Hwe Prew'OuS term.

EXAMPLE: Determine if each of the following infinite
sequences is arithmetic. Then write the next four terms of
the sequence.

1. Sequence: 3, 7,11, 15,19, . ...

5,7,1,15,19, ... | commen _y
\/\j\j\j differehce
o+ +4 +Y

This is an arithmetic sequence because the difference
between any pair of consecutive ferms is always the same.
In this case, the common difference is 4. The next four
terms are 23, 721, 31, and 35.

109



2. Sequence: 20,11, 14,11, . ...

20,11,14,11, ... common _ 3

\_j vv difference -
-3 -3-3

This is an arithmetic sequence because the difference
between any pair of consecutive ferms is always the same.
In this case, the common difference is -3. The next four
terms are 8,5, Z, and -1.

A N N N
3. Sequence: T T T
i _] i i ho Common
74810’ difference

(
(
(

This is not an arithmetic Ssequence becovse there is no
common difference.

Note: Even +hough this Sequence is not arithmetic, there is
a simple pattern. The next four terms of the sequence are
1 1 1 1
37 o8 28 °™ Tep
of sequence later in this unit.

We will learn more abovt this type

110

To determine the valve of any term in an arithmetic
sequence, we can use the arithmetic sequence formulo:

first ferrn\ ¢~ Common difference
a,=a,+(n-1d.
h'Hm fermj LPosif’ich of Frevioqs term

In this formula, a, is the nth term of the sequence.

Number of Term 1 YA 3 4 5 . a,

Termof Sequence & o +d a+2d a+3d a+4d ... a,=0+(n-Nd

Let's look ot the arithmetic sequence 1,3,5,17, 9,11, . ...

In this sequence, oy = 1 ond the common difference isd = Z.
Therefore,a,=1+(n-N2)=1+(2Zn-2)=2n-1.

The equaﬁon a, =12n - 1is colled the EXPLICIT FORMULA

for the given sequence. \We can use the explicit formula to
find the valve of any term in the sequence.

m



LINEAR EQUATIONS AND
ARITHMETIC SEQUENCES

Questions abovt arithmetic Sequences can easi|9 be Jrhough‘r
of as clues‘rions obovut lines oand linear eclua‘rions.

We can identify terms of the sequence with points on a
line where the x-coordinote is the term number oand the
y—coordina’re is the term itself.

Let's qo back 1o the arithmetic sequence we looked ot earlier:

135191,...

Recall that a, = 1, the common difference isd = Z, and
a,=1n-1.

In this sequence, the first term of the sequence is 1, so we
can identify this ferm with the point (1, 1). The second term
of the sequence is 3, so we con identify it with the point (Z, 3).

Let's list the points associated with this sequence:

(1,1,(z2,3),(3,5), 47,6, 9,61n,...

112

Note that the common difference d is equal to the slope of
the line that passes through any two of these points. For

exomple, the slope of the line that runs from (1, 1) to (Z, 3) is

3-1_, .
S -1-d

Recall the POINT-SLOPE FORM of a linear equaﬁon:

/sloPe
y—yﬁm(x—);]). g3

S

the coordinates of a point on the line

If we were fo write an equation of the line passing through
(1, 7) with slope Z in point-slope form, we get the following;

Y=1=2x -1 Substitute (1,1) for the point (x, 1)
Yy-1=12x -1 Distributive Property

Y=2x -1 AdditionProperty of Equality

Compare y = Zx - 1to the explicit formvula a, = 2n - 1.

They are the some except for the letters used o denote the
unknowns.

13



EXAMPLE: \write an explicit formula for the nth term of
the given infinite sequence. Then find the twentieth term of
the Sequence.

-50, -20, 10, 40, 10, 100, . . .

This sequence is arithmetic, with the first term, a, = -50, and
the common difference, d = -20 - (-50) = 30.

-50,-20,10,40,10,100, ...

A A LA LA NLA
+30 +30 +30 +30  +30

Step 1: Use the arithmetic sequence formulo.

For the given sequence, the first term, o, = -50, and the
common difference, d = 30. Substitvte those valves into the
orithmetic sequence formvulo.

a,=a+(n-0d
a,=-50+(n-1-.30

Step Z: Simplify.
a, = -50 + 301 - 30 Distributive ProPerfy

a. =302 - 80 This is an exPIicif formula for the
! nth term of the sequence.

14

Step 3: To find the twentieth ferm, set n = 20 in the explicit
formvula for the given Sequence.

a, = 301 - 80

a0 = 30 « 20 - 80
a0 = 00 - 80

Gy = 510

So, an explicit formula for this sequence is a, = 30n - 80,
and the twentieth term of the sequence is 5Z0.

EXAMPLE: Given thot the sixth term of an arithmetic

sequence is 17 and the fourteenth term of the sequence is

-1, find an explicit formula for the nth ferm of the sequence.
Then vse that formula to £ind the value of n for which the
nth term of the sequence is -40.

There are fwo methods for finding the explicit formula.
Method - Identify the sequence with a Linear Equation.
Tdentify the two given terms with the points (b, 17) and (14,-1).

The slope of the line passing through these two points is
- _-I_]-l - ﬁ = _3

4-6 8 '

115



Using the point (b, 17) and the slope m = -3, write an equation
of a line in point-slope form:

y—]‘l=-3(x-(o)
y-T=-3x+18
y=—3x+35

A formula for the corresponding arithmetic sequence is

a, = -3n + 35,
This is an ex,;licif formula for the
nth term of the given sequence.

Method 2: Use the arithmetic Sequence formulo.

Step 1: Substitute the given information into the arithmetic
Sequence formvula to ge+ o sgsi—em of equaﬁons.

a,=0,+n-0d arithmetic sequence formula
Equation 1:
M=0a,+0-0d Thesixthterm=17,50 n=06 anda, =17.

1M =a,+5d

116

Equaﬁon 1:

Ay = ay + (14 - Nd  The fourteenth term = -1, s0 n =14

ﬂhd dy = "‘7.

-1=a,+13d

]-l=a]+5d
-1=0a,+13d

Sgs’rem of Equaﬁons is:

Step Z: Solve the system of equations to find the first

term of the sequence, a,, ond the common difference, d.

24 = -8d  Subtract the second equation from the first.
-3=d

Find a, by substituting d = -3 into either equation.
11 =a,+5d

M=a,+ 5(-3)  Substitute d= -3

11



M=0,-15
32=a-|

Step 3: Write an explicit formula for the nth term of the
sequence.

Substitute the first term, a, = 32, and the common difference,

d = -3, into the arithmetic sequence formvulo.
a,=0,+(n -1d arithmetic sequence formula
p=3L +(n-1)(-3)

a,=31-3n+3

a, = -3n+ 35 This is an exrlicif formula for the
nth term of the given sequence.

Now use the explicit formula o find which term is equal
to -40.

a, = -3n + 35 exP“CH' formula

-40 = -3n + 35 Substitute ap = -40.

118

So, a;5 = -40, and therefore n = 25,

Therefore, an explicit formula for the nth term of
the sequence is a, = -3n + 35, and the 25th term of the
sequence is -40: n = 75.

19
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For clues‘rions 1 +hrough 3, determine if each of the Following
infinite sequences is arithmetic. Then write the next four

WECK vour FHIOLILEREE

terms of the sequence.

1. 34, 64,94,124, . ..

2. -43,914,18,...

3. S92, -113, -134, -155, -1, . ..

For quesﬁons 4 and 5, £ind the first five terms and on
explicit formula for the arithmetic sequence.

120

For questions b and 1, write an explicit formula for the nth
term of the given sequence. Then €ind the thirtieth term of
the sequence.

6. -8,1,10,19,...
1. 3,44, 85,126, . ..

8. Given a, = -15 and a; = -117, £ind an explicit formula for
the nth term of the sequence. Then use that formula
to £ind the valve of n for which the nth term of the
sequence is -41. Assume that the sequence is arithmetic.

9. Given that the seventh term of an arithmetic sequence is
11.and the twentieth ferm of the sequence is 305, find an
explicit formula for the nth ferm of the sequence. Then
vse that formula to £ind the value of n for which the nth
term of the sequence is 365.

ANSWERS 121



CUECK Your QISWERS

. This is on arithmetic Sequence. The common
difference is d = 30. The next four terms are
154, 184, 7214, ond 744.

. This is not an arithmetic sequence. There is no common
difference. The differences are 1, 6, 5, ond 4. The next
four terms are 21, 23, 74, ond 24.

. This is on arithmetic Sequence. The common difference
isd = -2.1. The next four terms are -1971, -21.8, -2.39,
ond -26.

. First five terms: 31, 36, 41, 46, 51, . ..
Explicit formula: a, = 5n + 26
1

. First five terms: Cil

SRS | N
8)

g 8

| w

—_

Explicit formvulo: a, = -—n + %

N

122

6. a,=-8,d=1
Explicit formvula: a, = An - 11
030 = 253

1. a,=3d =4
Explicit formula: a, = 41n - 38
030 = ],]CIZ.

8. a1=-|,d=—2
Explicit formvula: a, = -Zn - 5
az] = _41

q. a1=2.,d=].5
Explicit formvula: a, = 1.5n + 0.5
07_4 = 3(95
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AETIC
SERIES

The sum of the terms of a sequence is colled a SERIES.

A series is arithmetic if any two consecutive terms have the
same difference. In other words, an ARITHMETIC
SERIES is an expression formed by adding the terms of
an arithmetic sequence.

There is a simple formula for a finite arithmetic series:
Sn = (¥ of terms) - (average of first and last term)

I£ the arithmetic sequence iS ay, Gy, . . ., Ay, then we con write
the arithmetic series as follows:

S

n

-2 @,+a,)

12%

Since a, = a, + (n - )d (where d is the common difference of
the arithmetic sequence), we con also write the formvula as
follows:

Sn = %(al + an)

(01 +Q, + (n - ])d)

NS

(201 + (n - ])d)

N|3

Note: Either of the previous formulas can be vsed to £ind the
sum of the terms of an arithmetic sequence.

EXAMPLE: Given the arithmetic sequence -5,1,7,13,19,.. .,
£ind the sum of the first 30 terms.

Method 1: Use the formula S, = % (a, + a,).

Step 1: Identify the first ferm, a,, and the common
difference, d. Then write an explicit formvula for a,,

a]=_5,d=(0

a, =a;+ (n -Nd arithmetic sequence formula

125



a,=-5+ (n=-1+6 Substitute d=06 and a;=-J.

a. = (pn — 'I'I Tl)lS is an EXP“CH' 'Forhnuld 'For
. the nth term of the sequence.

Step Z: Find the thirtieth term of the arithmetic sequence

using the explicit formula.
a,=6n-1

Q30 = 0(30) - 11

Az = 169

Step 3: Find the sum of the first 30 terms using the
arithmetic series formulo.

yA

-5+169
A

S, = n(_a,+a,,)

530 = 30( ) a, = -5 Ond Qi = ](Dcl
Sy = 30(%) = 15(164) = 2,460

Sao = 2460 This is the sum of the first 30

terms of the arithmetic sequence.

126

Method Z: Use the formula S,, = % (Za, + (n - 1)d).

S0 = @(2(_5) +(30 = 1) « b) Substitute n=230, a;=-5
yA and d= G

Ss0 = 15(-10 + 29 -« 6)

Ss0 = 15(-10 + 174)

Sso = 15(164)

Si0 = 2460

So, the sum of the first 30 terms of the arithmetic
sequence iS 2.460.

EXAMPLE: Given on arithmetic sequence with ay = -48
ond a;q = -84, find the sum of the first 25 terms.

Method 1: Iden’riﬁJ the sequence with a linear equa’rion.

Step 1: Identify the two given terms with the points (10, -48)
and (19,-84). Then write an equation for the line that passes
through them in point-slope form.

The slope of the line passing through these fwo points is
m = -84-(-48) _ -36 _ _4
19-10 q '

Using the point (10, -48) and the slope m = -4, we can write
an equation of a line in point-slope form:
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Yy - (-48) = -4(x - 10)
Y+ 48 =-4x+ 40
Yy=-4x-8

Step Z: Write the corresponding arithmetic sequence formvulo.

Given the linear equation of Y = -4x - 8, a formula for the
corresponding arithmetic sequence is a, = -4n - 8.

This is an explicit formula for
the nth term of the sequence.

Step 3: Find the twenty-fifth ferm of the arithmetic
sequence using the explicit formula.

a,=-4n -8
07_5 = ‘4(25) = 8
a;5 = -108

Step 4: Colculate the sum of the first 25 terms vsing the
arithmetic series formulo.

- n[%1tan
S,,n(z)

-12 -108
/A

57_5 = 25(

S, =15 (%) - 75(-60) = 1500
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S,s = -1500 This is the sum of the first 25

terms of the arithmetic sequence.

So, the sum of the first 25 terms of this arithmetic sequence
is -1,500.

Method 2: Use the arithmetic sequence formulo.

Step 1: find an explicit formula for the nth term of this
sequence bg wri’ring o sgs’rem of eqyaﬁons ond solving for
the common difference and the first term.

a,=0a,+ (N -10)d arithmetic sequence formula

Sgs’rem of Equod'ions

Equa’rion 1: -48 = a, + Ad ap=-48,n=10
6qpa+ion 2: -84 =aq,+18d 0q =-84,n=19

Step Z: Solve the system of equations to find the first term
of the sequence, a, and the common difference, d.

—48 = 01 + Cld Subfracf 'Hne second e‘zuaﬂon 'Frohn 'H~.e 'Firsf.
- (-84 = a, + 18d)

36 = 4
9 9
“4=d
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Find a, bg substituting d = -4 into either equa’rion.

-48 = a,+ 9d

-48 = a, + AU-4) Substitute d= -4.
-48 = a, - 30

-12 = qa,

Step 3: Write an explicit formula for the nth term of the

SQ({UQI’\CQ,

Substitute the first term, a, = -1, and the common difference,

d = -4, into the arithmetic sequence formulo.
a,=0a,+ (N -0d arithmetic sequence formula
a, =-12 + (n - (-4

a,=-12-4n+4

This is an explicit formula for
a,=-4n -8 the nth term of the sequence.

Step 4: Find the twenty-£fifth term of the arithmetic
sequence using the explicit formula.

a,=-4n -9
Q.5 = -4(15) - 8
07_5 = _108
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Step 5: Find the sum of the first 25 terms using the
arithmetic series formulo.

S =n(4—ﬂa +a)

7
S, - 25(-12 - 108)

S, =125 (%) - 25(-60) = ~1500

S5 = -1500 This is the sum of the first 25

terms of the arithmetic sequence.

So, the sum of the first 25 terms of this arithmetic sequence
is -1,500.

"EXRAMPLE: A new ovtdoor theater at Breaker Park has
100 rows of seating. The first row has 14 seats, and then
each row after the first row has Z more seoats than the
row in front of it. What is the seating capacity at the new
Breaker Park ovtdoor theater?

To find the seating Think: The arithmetic sequence
capacity ot this ovtdoor that represents the number of
theater, we con use the seats in each row of the theater is

arithmetic series formulo. 14, 16, 18, 20, 22, 74, ...
NANA A A\ A
+2 +2 +2 +2 +2

a=4ondd-=12
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Step 1: Find the explicit formula for the given sequence.
a,=a,+(n -0d arithmetic sequence formula
a,=14+(n-10-2

a,=2n+12 = This is an explicit formula for
the nth term of the sequence.

Step 2: find the one-hundredth term of the arithmetic
sequence using the explicit formvulo.

=72n+12
Qo = 2(100) + 12

Step 3: Find the sum of the 100 terms using the arithmetic
series formula.

Sy, - 100( 4+ 212)
Sy = 100 (i) - 100(113) = 11300 &= This is the sum of the
/A First 100 terms of the

arithmetic sequence.

So, the seating capacity ot the new Breaker Park ovtdoor
theater is 11,500 seats.
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1. Find the sum of the first 36 terms of the arithmetic
sequence with the first term, a, = 15, and the common
difference, d = 2.5.

2. Find the sum of the first 50 positive integers.

3. Given the arithmetic sequence -12,-1,-2,3 8, ..., find
the sum of the first 40 terms.

4. Given the arithmetic sequence with ag = -45 and ay; = -90,
£ind the sum of the first 30 terms.

5. Given the arithmetic sequence with a; = 58 and a,, = 18,
£ind the sum of the first 16 terms.

6. An Olympic team is raising money for a local community
food bank. Theg place $0.25 in a jor the first dag. €ach
dag ofter the first, +heg place $0.05 more than the
previous day for o total of 565 days. How much money
will the team have to donate to the food bank after the
entire 3ear?

7. \What is the difference between an arithmetic sequence
ond on arithmetic Series?
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CUECK Your QISWERS

. 53(, = 2,115

. S5 =125

. S4 = 3420

. S5 = -24175

. Sy = 12168

- Arithmetic sequence: 0.25, 0.50, 0.35, 045, 0.55, 0.60, . ..
a, = 025,d = 005, 03,5 = 1845

5365 = 3,413

So, the Olympic team will be able to donate $3,413 to their
community food bank.

- Responses may vary. #n arithmetic sequence is an
ordered list of numbers in which the difference between
consecutive terms is constant. An arithmetic series is a
sum of the terms of an arithmetic sequence.



# GEOMETRIC SEQUENCE is o sequence of numbers
such that the cluo+ien+ r between consecvtive terms is
constant. The number r is called the COMMON RATIO
of the geometric sequence.

Here is an example of a geometric sequence with common
rotior = 7.

]»2,4,8,](0,32,_,. geometric
AN AN A ANLLA sequence
X2 X2 X2 X2 X2

To determine the valve of any term in o 9eome+ric sequence,

we con use the geomei-ric sequence formvulo:

a,=a,r"".

n
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. In this formula, a, is the nth term of the sequence.

| Number of Term 1 /A 3 4 5 e a,

[ I I S

| Term of Sequence O ar art oar® oart . arn!

For example, in the geometric sequence 1,Z, 4,8, 10, 3Z, ... .,
a=londr=12.

\We con substitute these values into the geomehric Sequence
formvula fo £ind an explicit formula for the sequence.

a,=o,r"! geometric sequence formula
= ] . Zn-1
a,=12r"1

So, a, = 2"""is an explicit formula for this geometric
sequence.

EXAMPLE: The firstterm of a sequence is 3, and each
term after the first is three times the preceding term. What
is the nth term of the sequence?

59121,...
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The first term and the common ratio of the sequence are
both 3.

a,=%ondr=53

Use the geomeﬂic sequence formulo 1o find the nth term of
the sequence.

a, = ayr"!

=3 . 3n-1 This is an exrl.‘cif formula for the
n
nth term of the geometric sequence.

So, the nth term of the geome‘rric sequence is given bg the
formula a, =3 - 31,

EXAMPLE: \write an explicit formula for the nth term of
the €o|lowing geome’rric sequence. Then €ind the ninth term
of the sequence.

Z,-6,18,-54, ...
Step 1: Identify the common ratio, r, and the first term, a,.
Common ratio: r = ——Z“’ =-5

First term: a,= 2
138

Step Z: Write an explicit formula for this geometric
sequence bg subs+i+u+ing the common rotio ond the first
term into the geomehric Sequence formulo.

a,=a,r"!
a, = 2(-3)"

Step 3: Find the ninth term by substituting n = 9 into the
explicit formula for the given sequence.

a, = 2(-3)"!

Qq = 2(-3)7"!

Qq = 2(-3)8

Qq =2 « 0,561 Use a calculator to find (-3)® = 6,561.
Qaq = 13122

So, an explicit formula for this geometric sequence is
a, = 2(-3)""!, and the ninth term of the sequence is 13,122.

EXAMPLE: Horper purchases a car for $28,600. An online
car appraisal states that her new car will depreciate ot a
rate of 1% every year. If that assumption does not change
over the course of Harper's ownership, to the nearest dollar,
how much will her car be worth in year five?
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To solve this problem, use a geometric sequence and the
geometric sequence formvula.

Step 1: Tdentify the geometric sequence. Then identify the
common ratio, r, and the first term, a,.

Think: Since the car depreciates at
11% per year, that means its value will be 89%
of the prior year’s value: 100% — 11% = 89%.

Geometric sequence: $28,600, $25454, $22,654.00, . . .
Common ratio: r = 0.89
First ferm: a, = 28,600

Step Z: Substitute the common ratio and the first term into
the geometric sequence formula.

a,=a,r"!

= 28600 - 08971 _ Thisis an explicit formula for the

nth term of the geometric sequence.

Step 3: Find the fifth term of the sequence (corresponding
to the valve of the car in the fifth year) by substituting n =5
into the explicit formula found in Step Z.
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a, = 28,600 - 0.89"-"

as = 28,600 - 0.89°!

as = 28,600 - 0.89*

as = 28,600 - 0.62142241
a, = 11744

So, to the nearest dollar, Harper's car will be worth
$17944 in five years.

FINDING THE COMMON RATIO
USING NONCONSECUTIVE
TERMS

I€ we know two consecutive terms of a geome‘rric sequence,
we can find the common ratio simply by dividing the second
known term by the first known term.

However, what if we know two terms of o geome+ric
sequence, but +he3 are not consecvtive?

In this case, we con still £ind the common roatio quicl‘lg, oS
follows.

Suppose a, and a,, are the nth and mth term of a geomeftric
sequence with positive ferms and m > n. Then the common
ratio of the geometric sequence is

1
r =m-n ﬂm- - gm_ m-n
an
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In words, this formvla says, “Divide the second known term
bg the first known term, ond then take a root*

\Which root do we take? Take the distance between the two
term numbers, ond thoat's the root we vse.

Let's 9o back 1o the sequence 1,2,4 8 10 32, ...

Note thot the second term of this sequence is Z and the fifth
term of this sequence is 16. Let's €ind the common ratio of
the Ssequence using the second and fifth terms.

Step 1: Divide the fifth term by the second term: 1o + Z = 8.

Step 2: Find the distance between the two term numbers:
5-2=3

Step 3: Toke the appropriate root (in this case the cube root):

g -12.

So, the common rotio is Z.

Note thot if we suvbstitute the numbers into the formula
direcﬂg, we 9e+:

S N
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- EXAMPLE: \Whot is the third term of the geometric
sequence whose second term is il ond whose fourth

rorm is L7 L
QFM|S§.

m-n a
Use the formvla r = —am- X
n

+ We are given thot a, = % ond a, = é (so that m = 4 and
cn=12).

l _4—2i;‘|
= 1]81'

| _lii
A TR

r =

|

1

q
.
r==3

. Since the second term is % ond the common rotio is %

. the third term is a, - ( %)( %) - 21_1
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WECK vour FHIOLILEREE

For questions 1through 3, £ind an explicit formula for the nth 6. The population of Berryville is 116,08Z. The census
term of the geometric sequence. Then £ind the eighth term establishes that the town's population will increase at
of the sequence. o rate of Z% every year for the next 10 years. If thot
assumption does not change over 10 years, what is the
1.2,69127,... predicted population of Berryville in 10 years? Round
2. -10, 25, -62.5,156.25, . .. your answer to the nearest whole number.
5, L 1 1 1
8" 3" 64

4. Whot is the fourth ferm of the geometric sequence with
only positive ferms whose second term is 45 and whose
sixth term is 3,6457

5. What is the sixth term of the geometric sequence with only
negotive terms whose second term is -5 and whose fourth
term is - % 7 (Hint: Since all the terms are negoative, the
procedure is the same as if all the terms were positive.)
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1. a, =127 « 3!
ag = 4314

2. a,=-10« (-2.5)""!
ag = 0103515625

_] -ln-l
3. 0,= 8(2)

6. The population of Berryyville in 10 years to the nearest
whole number will be approximately 210,454 people.



GEOM
SERIES

# GEOMETRIC SERIES is the sum of the terms of o
geome+ric sequence.

I€ ais the first term of the geomei-ric sequence, ond r is the
common ratio, and r = 1, then the sum of the first n terms of
the geomei-ric sequence is

—_rn
‘H)e geohnefrlc —> S = M
series formula n 1-r

"EXAMPLE: Given the geometric sequence 3, -6, 12, -24, . . .,

£ind the sum of the first six terms.
Step 1: Identify the first ferm and the common ratio.
First term: a = 3

Common rotio: r = -6 + 3 = -7
148

Step Z: Use the geometric series formula to ind the sum of
the first six terms of the given geometric sequence.

5, . al-r)
" 1-r

s, - 3(1;(94)
S, =-065

So, the sum of the first six terms of the given gaome+ric
sequence is —b3.

EXAMPLE: The common rotio of o geometric sequence is
-5 and the sum of the first six terms is 20,832. \What is the
volue of the first term?

\We con vse the geome+ric series formula to £ind the first
term in this geome‘rric sequence.

a(l-rn)

S = 1-r

149



20837 - a(]]_‘(—(_‘g’))“) Substitate 5, = 20,832 and r= -5.

20837 - 90-15625)
’ 1+5
20837 - AC15674)

’ b
6(20,832) _
-15,6Z4
124392 _ ,
-15,6Z4
-8=a

So, the first term of the geome’rric sequence isa =-8.

EXANPLE: Corlo's Boutique made o profit of $3,000 in
Janvary on the sale of graphic T-shirts. Tts profits each
month are 4% more than the profits of the prior month for
the rest of the year. To the nearest dollar, what is the total
profit Carla's Boutique generates from the sale of grophic
T-shirts throughout this year?

To solve this problem, use the geometric series formulo.
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Step 1: Identify the first term, a, and the common ratio, r.

First term: a = 3,000
Common rotio: r = 1.04

Think: The profits in each month are 4%
greater than the profits from the prior month:
100% + 4% = 104%. As a decimal, this is 1.04.

The geometric sequence is

5,000, 3120, 324480, 351459Z, ...

We find each term by multiplying the prior term by 1.04.

Step 2: Use the geometric series formula to ind the sum of
the first 1Z terms (corresponding to the 1Z months of the
Year) of the given geometric sequence.

S, - al-rn)
1-r
g, - 20000-0.04%)
* 1-(1.09)

Sy = 45,0T7141639

So, the fotal profit Carlo's Boutique generates from the sale
of graphic T-shirts throughout this year to the nearest dollar
is $45,011.

151



So far we have learned how to find the sum of a geome’rric
series with a last term. \We con also €ind the sum of infinite
series (which have no last term).

The sum S of an infinite geomeh'ic series with the first
term, a, and the common ratio, r, where -1< r < 1 is

s=9
1-r-

I€frz1orr < -l then the sum does not exist.

EXAMPLE: The first term of an infinite geometric series
is -10 and the common ratio is 0.5. What is the sum of this
infinite geome’rric series?

Since the common rotio is between -1 ond 1, we con vse the
formulo S = a_
1-r
First term: a = -10
Common rotio: =05

-9
S 1-r

_ -10
S- 1-0.5
152

S=-10

So, the sum of this infinite geome‘rric series is -20.

EXAMPLE: The first term of an infinite geometric series
is 9 and the sum is 45. What is the common rotio of this
infinite geomehric series?

|g

Use the formvla S = T

S

First term: a = 9
Sum: S =45

- a
S 1-r
45 =

1-r

4501 -r) =9
45 - 45r = 9
~45r = =36
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r= % . For quesﬁons 1ond Z, find the sum of the first eigh‘r terms
of the given geomeh‘ic sequence.
So, the common rotio of this infinite geome‘rric series is i.

5
1. -4, 8, -16, 3Z, -64,128 . ..

2. 24,12,6,3,15,015 . ..

3. The common ratio of a geome’rric sequence iS -4 ond the
sum of the first seven terms is 19,662. \Whot is the value
of the first term of the secluence?

. One year, a popular musician donates 15,000 books to
community libraries. The musician commits to donating
10% more books than the prior year for the next 1 years.
\What is the total number of books the musician will have
donated after these 8 years? Round your answer to the
nearest hundred books.

5. The first term of on infinite geome’rric series is -12 and
the common rotio is 04. What is the sum of this infinite
geomei-ric series?

6. The first term of an infinite geome’rric series is 24 and
the sum is -b. \What is the common rotio of this infinite
geome‘rric series?
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1. Sg = 340

R

. Sg = 418125

3.a=06

4. The musician will donote approximately 111500 books.
5.5-=-170

6. r=5



PERMUTATIONS
AND COMBINATIONS

The COUNTING PRINCIPLE stotes that i there are
a ways o do one +hing, ond b woys to do another +hing,
then there are ab ways to do both Jrhilf\gs.

For example, if a sweater comes in 3 colors and 4 sizes, then
there are 5 - 4 = 12 possible combinations of color and size
for the sweater.

PERMUTATIONS VERSUS
COMBINATIONS

# PERMUTATION is an arrangement of objects in a specific
order. for example, HTM#A is a permutation of the letters in
the word MATH.

Permutations are used when the order is important
(different order = different object).
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A COMBINATION is a choice of objects from a collection
of objects. For example, a council of 3 people from a grovp
of 10 is a combination.

Combinations are vused when the order is NOT important
(different order = same object).

PERMUTATIONS WITH
REPETITION

Imagine we have a bag of n distinct objects. We want to
arrange them in a line, allowing the same object to be used
more than once.

For example, if we start with n = 4 objects, we have 4 choices
each fime.

So, if we choose 5 times, then the number of possible
arrangements, with repetition allowed, is 4+ 4+ 4+ 4« 4

In general, the number of ways to arrange r objects from a
choice of n objects, with repetition allowed, is

nf=|n-n- -I’)I
ri::nes
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For example, the number of ways to create a 3-digit number, PERMUTATION S WITHQUT
where each digit can be chosen from the numbers 1, Z, 3, 4, REP ETIT].ON

ond5,is5-5.5=5 When there are n objects, and we wish to arrange them but
without ever repeating an object, then we have n choices
Think: Since selections can be repeated, the the first time, but we must reduce the number of available

number of choices stays the same each time. choices by 1 each time.
Think: The number of
choices is reduced by 1 each
For example, in how many ways | time. Therefore, there are 7
can 1 colored pencils, each a choices for the first pencil,
6 choices for the second
pencil, 5 choices for the

third pencil, and so on.

For example, 112, 121, and 211 are
different permutations, with repetition
allowed, of the numbers 1 and 2.

different color, be arranged’.’

- EXAMPLE: Paco con creote o b-digit code as the Since the order motters but
password for his new tablet by choosing each digjit from none of the pencils can repeat in our arrangement, we
the 10 possible digits 0,1, 2,3, 4,5, 6, 7, 8, and 9. e can use count the number of permutations, without repetition:
each digit as many times as he wovld like. How many such
passcodes can Paco choose from? 1eb@+5+4+3.2.1=5040
Since the order matters and Paco can repeat the digits, we So, there are 5040 permutations (or arrangements).

count the number of permutations, with repetition:
We can write this mathematically using FACTORIAL

1010101010 « 10 = 10° Think; Paco can choose FUNCTIONS .
from 10 digits for each of the

6 digits of his password.
10¢ = 1,000,000 €~ & i The factorial function (!) means to multiply all
positive integers from a given integer down to 1.
So, there are 1,000,000 possible passwords for Paco to I’T;_"’ "’f'e:" o .—>5'means5¢4:3.21
ive TacCTorial,
choose from. Note: O! = 1
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n' (read as "n factorial*) is vsed to compute the number of
ways to arrange n objects. There is NO repetition of choices,
AND the order matters. In this case, we are counting the
number of ways to arrange ALL the objects.

- EXAMNPLE: Cooch Bart has 9 players for the team's
opening-game starting lineup. How many different batting

So, if we wanted to select only 4 of the T colored pencils

from the earlier example, we couvld write the number of

permutations as follows:
1! T _ -6

1Py = = =

5 ,
-4 3 5. - 840

e 3]
1

NCIEN

This means the number of permutations

of n (T) things taken r (4) at a time.
orders can Cooch Bart choose from for the opening game? 8 ngs Taten me

NV=FeBeleleb5eqde37.1=2362880 So, there are 840 permutations.

So, Coach Bart has 362,880 different baHing orders to
choose from for the opening goame.

Think: We can also compute 1P, by starting with 1, then
multiplying by b, then 5, and then 4 to get 1+ 6 « 5 « 4= 840.
The first number in ;P4 tells us to start with the number 1
and the second number in 1P; tells us to write down 4 factors.

We may want to arrange fewer than the total number of
objects. When order matters, we can use the following formulo:

number of objecfs to choose from\

P_

r (n r)'

As another example, yP3=1+10« 9=990.

"EXAMPLE: Joonna has 15 pairs of cartoon socks and
wants to wear a different pair each day for 1 consecutive
days. How many different arrangements of the 15 pairs of
socks can Joanna choose from?

Shumber of objects chosen

\We can also vuse the notation P(n, r).

P, 4) = 1P, and represents the number of permutations of

1 objects taken 4 ot a time. \We can vse the formula P, = o answer this question.

(-)'

5P or P(15, 1) means 15 objects taken 7 at a time.
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| |
15 15!

5-1)0 8
_15+14+13412.11-10 - 9 + B~TFelov5vdvIed i
BeTFeloo5edeDee]
= 32.432.400

So, there are 3724372400 different arrangemen’rs of the
15 pairs of socks Joanna can choose £rom.

COMBINATIONS WITHQOUT
REPETITION

Recall that a combination is a choice of objects from a
collection of objects. When making such a choice, the order
does not moatter (different order = same object).

The combination formula can be written in terms of the
permutation formula:

C = n_Pr
n=r r
\We con also vse C(n, r).
Think: Since ,P, = T, we have
T ( )
C.-2Pr . h-N'__n 1__n
o n -r' A Alh-n
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For example, in how many ways can you choose b humbers
from a set of 10 numbers?

This is o combinoation becovse the set 1,2, 3, 4,5, b is the
same oS the set 6, 5,4, 3,7,10r any other Ourrm’\gememL of

those b numbers.

Use the combination formulo:

SO _SEEn A e =

; EXAMPLE: Every Friday night, the Kelly fomily has dinner

ot their favorite restavront. On Fridags, the chef offers all

. fomilies a free "Build Your Own Family-Style Salad" with a
. menv of 8 different options. €ach family must choose 5 of
. the 8 options. In how many different ways can the Kelly

. fomily build their salad?

. Since the order of options isn't important, this is a combination.

1 So, the Iéellg €ami|g can build their salod in 56 different ways.
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. In how Many ways can Yyou arrange b different
perennial plants in a garden?

WECK vour FHIOLILEREE

- The Banker family installs a passcode lock on the
entrance to their home. The passcode needs to be 5 digjts,
with no repeated digits. The digits the Bankers can
choose from are 0,1,Z,3, 4,5, 6,71, 8, and 9. How many
such codes can they choose from?

. How many different 4-letter words con you moke bg
arranging 4 of the letters in the word COMPUTER?

) Twen’rg students are running £or student council. In how
many ways can o president, vice president, secretary,
ond treasvrer be chosen from the 20 stvdents?

- The student council is putting together a committee of
1 students from a class of 18 students o organize the
annval end-of-year field day. In how many ways can
the student council select the students from the class?

- In the spring semester, 24 students sign vp for the
chess club. How many different ways are there o form
a pair of 2 students from the 7247
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1. Gilda has 15 different jockets and wants to donote 4
of them fo a clothing drive. How many ways can Gilda
choose 4 of her 15 jockets to donate?

8. €xplain the difference between a permutation and a
combination.
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1. 6P6 = (0' = -IZO

2. P, - ]?O,! - 30240
8|

3 g_P4 = ﬁ = ],‘080

4. P, = % - 116,280

5. ,Co= Jﬂ%l - 31824

‘. Z4CZ = HEL = Z-“D

1. 15C4 = ]547:4 = ],3‘95

8. Responses may vary. In o permutation, the order of the
objects is important. In a combination, the order is not
important.
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PROEB

PROBABILITY is the likelihood thot something will happen.
More formally, the PROBABILITY OF AN EVENT is a number

between 0 and 1
expressing how  100%
likely that event

is o occur. If the
probability of the

event is O, then it

is IMPOSSIBLE 50%
for the event

to occur. I the
probability of the  25%
event is 1, then it is
CERTAIN that the
event will occur.

15%

0%
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CERTAIN

LIKELY

50
750 CHANCE

UNLIKELY

IMPOSSIBLE

100% or 1: Certain event
- G-

The sun will rise tomorrow.

50% or 0.5: Eiual chance it
wi” or wi" ho’f lmrreh.

” ]

The coin will be “heads.”

0% or Q: No chance it will
lm”en at all. Imrossible.

We will see two moons in our sky.

"Probability con be expressed as a fraction, a decimal, or o
percentage.

When we £lip fwo quarters, each one can land on heads or
on tails.

The ACTION (or EXPERIMENT) is what is happening. <
flipping Z quarters

The OUTCOMES are ALL the possible results. = both heads,
one heads and one tails, or both tails

An EVENT is any ovtcome or group of ovtcomes. = for
example, "both quarters land on heads" $HH

\We sometimes refer to the particular ouvtcome whose
probability we are evalvating as o FAVORABLE OUTCOME.

Consider the ACTION of £lipping a single quarter. In this
case, there are 2 OUTCOMES: "the quarter lands on heads"
{#3 and "the quarter lands on tails {T3. Both of these
ovtcomes are equally likely to occur.
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When trying fo £ind the probability P of an event where all
ovtcomes are equally likely, we can vse the PROBABILITY
FORMULA.

Plevent) = number of favoroable ovtcomes
number of possible ovtcomes

When £lipping a single quarter, what is the probability thot it
lands on heads?

D) = number of favorable ovtcomes {H3

1 = - )
number of possible ovtcomes T3 Z 05 = 50%

So, there is o 50% chance the qyari—er will lond on heads.

- EXAMPLE: \What is the probability of Cary choosing o
blueberry mu££in from a selection of 4 types of mu£fins
(blueberry, bran, cranberry, oatmeal)? Assume that Cary is
equally likely to choose each type of mufin.

The number of favorable ovtcomes (choosing a blueberrg

mu££in) is 1, and the number of all possible ovtcomes

(blueberrg, bran, cranberrg, ootmeal) is 4.
number of favorable ovtcomes

) 1
Plolueberry) = ber of possible outcomes 4

So, there is a 25% chonce thot Cary will choose a blueberrg
mu££in.
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. EXAMPLE: \whot is the probability of

P(blue, red)) = number of favorable ovtcomes

=0.25=125%

the spinner landing on blue or red?

In this example, we are considering
the event € = {blue, red}.

"

04=40%

number of possible ovtcomes

« So, there is a 40% chance that the spinner will land on blue
¢ or red.

The SAMPLE SPACE for an experiment is the collection of
all possible ovtcomes in that experiment.

For example, consider the experiment of £lipping a coin
twice. The somple space (the collection of all possible
ovtcomes) can be organized as o list.

Ovtcome of Ovtcome of Combination of
the 1st £lip the Znd flip the 7 £lips
heads heads heads, heads
heads tails heads, tails
tails heads tails, heads
tails tails tails, tails
173



# TREE DIAGRAN is o type of visval representation thot
shows all possible ovtcomes of one or more events.

! EXAMNPLE: Gia rolls a 6-sided number cube twice. What
is the probability that she rolls a Z both times?

Record all possible ovtcomes in
o free diagrom.

START

Isf roll

1234561 23456123456123456123456123456

2nd roll
| 2 both times (I out of 3G outcomes)

Then use the probability formula:

Plevent) = number of (—‘avorgble ovtcomes
number of possible ovtcomes

. . 1
'P(rollmg o 2 both times) = 0
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COMPLEMENT OF AN EVENT
The COMPLEMENT OF AN EVENT is onother event
consisting of all ovtcomes in the sample space that are
NOT in the given event. Informally, we can think of the
complement of an event as the "opposite” event.

EVENT | CONPLEMENT

Heads Tails
Win Lose
Rain No rain

Probability of an event + probability of its complement = 1
OR

Probability of an event + probability of its complement = 100%

In o'Hmer words, 'H’:ere is a 100% claahce that
either an event or its cohn':lemenf will LaFFeh.

Let A be an event and let # be the complement of event A.
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Rule of Complementary Events:
P+« P =1
PR = 1- PA)
P = 1- PA)

For example, consider the sample space of all students in
a class.

Let A be the event consisﬁng of students in the class who
weor glasses.

Then # (the complement of #) consists of students in the
class who do not wear glasses.

Assume that the probability that a student chosen ot random
£from the class wears glasses iS 62% (in other words, P#) = 0.62).
Then the probability that a student chosen ot random from
the class does not wear glasses is 38% (P(#) = 0.38).

62% + P(not wearing glasses) = 100%

P(not wearing glasses) = 38%
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COMPOUND EVENTS
A COMPOUND EVENT is an event that consists of +wo or
more single events occurring in svccession.

# compound event can consist of INDEPENDENT EVENTS or
DEPENDENT EVENTS.

Independent Events

Two events are independent i the occurrence of one of the
events has no effect on whether the other event occurs.

If two events that make vp a compound event are independent,
we can compute the probability of the compound event by
mutiplying the probabilities of the two independent events.

If A and B are independent events, then

P& and B) = P(A) « P(B).

Equivalently,

PA N B) = P@H) - P(B).

Remember: The sgmbol N means intersection.
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- EXANPLE: A bag of marbles contains b red marbles,

5 green marbles, 9 blve marbles, and T yellow marbles. #
marble is drawn, and then it is put back into the bag and o
second marble is drawn. What is the probability of drawing
a red marble followed by a blue marble? Express the answer
as a fraction.

Since this sitvation is a compound event consisting of two
independent events, we can compute the desired probability
by multiplying the probabilities of the +wo independent
events.

‘Probabili’rg of each event:

Plred) = number of favorable ovtcomes _ 6
number of possible ovtcomes 7T
q

Plblye) = Number of favorable outcomes _
number of possible ovtcomes 71

ojw 9™

Probability of compound event:

- P - L, 3.6 2
Plred, blue) = P(#) - P(B) I ]
So, the probability of drawing a red marble followed by a

A
blve marble is 77
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Dependent Events
Two events are dependent if the first event affects the
probability of the second event.

If the events are dependent, multiply the probability of the
first event by the probability of the second event given that
the first event has happened.

If A and B are dependent events, then
Pk and B) = P(#) - P(B given #).
Equivalently,
Pk N B) = P(#) - P(B given A).

"EXAMPLE: Cormen has 5 cards, each printed with one of
the vowels #, €, T, 0, and V. Her {riend selects one, doesn't
replace it, and then selects again. What is the probability of

selecting the # card, followed by the O card? €xpress your
answer as a percent.

gvent 1: Selec’ring the A& card. I bt ’
. nk: Since the first car

€vent 2: Selecting the O card is not being replaced, event 2

ofter an A card is removed. DEPENDS on event 1.
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‘Probabili’rg of eoch event:

P = number of favorable ovtcomes _ T
number of possible ovtcomes 5

P(0 ajven &) = number of favorable ovutcomes 1
9 number of possible outcomes remaining 4
(there is 1less card)

"Probability of compound event:

= o i = l o l = L = = B9
Pk N 0) = P(R) « PO given ) 57T 70 0.05 = 5%
So, the probability of selecting the & card followed by the

0 card is 5%.

ADDITION PROBABILITY RULE

If events & and B are mutvally exclusive (that is, they can't
occur ot the same time), then the probability thot event # or
event B occurs is simply the sum of the fwo probabilities:

Pk or B) = P(A) + P(B)
PR U B) = PA) + P(B)
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If events & and B are not necessarilg mu’rually exclusive
(that is, they can happen ot the same time), the probability
that event & or event B occurs is as follows:

P or B) = P(#H) + P(B) - Ph and B)
PR U B) = PH) + PB) - PN B)

Remember: The symbol U
means union, and the symbol
N means intersection.

For example, suppose your family is planning a vacation
to France or Spain and can only go o one of these
destinations. The probability of choosing france is 1

/A
and the probability of choosing Spain is also %

The probability of choosing either france or Spain is 1.

PHU B) = -0

1 1
— o —
VAR A

PHU B) =1

Think: P& N B) = 0. Why? Your family can
only go to one destination for a vacation!
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- EXAMPLE: A spinner has 6 equal sectors colored green,
orange, purple, Yellow, red, and blve. \Whot is the probability
of the spinner landing on orange or blue?

gvent A - oronge.  OR  Event B - blue

1

. - L
PH) = o P(B) o
Use the addition probability rule.
1 7 1
PEVB = -+ -=0 =5 | Think: PGNB)=0.
Why? A spin can land
on only one color.

1 , ]
So, the probability of landing on orange or blve is 3
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EXAMPLE: €edward rolls o b-sided number cube. \Whot is
the probability that he rolls an odd number or a number less
than or eqyal to 37

Let event & be rolling an odd number, and let event B be
rolling a number less than or equal to 3. These events are
NOT mutually exclusive. For example, the humber 1is in both
events & and B.

Step 1: Determine the sample space for the given
experiment. In other words, what are all the possible
ovtcomes when rolling 0 number cube?
Somple spoace: {1, 2, 3, 4,5, 63
Notice that there are 6 possible ovtcomes.
Now let's list the ovtcomes in each event.
€vent # (rolling an odd number): {1, 3, 53
3.1
PH) = o -2
€vent B (rolling a number less than or equal to 3): 1,2, 3

3.1
PB) ==
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Next, highligh+ £rom each event the ovtcomes that are both
on odd number AND a number less thon or equal to 3.

event A (rolling on odd event B (rolling o number less
number): §1, 3, 53 than or equal to 3): 1,233
z 1 ¥
So, & N B = {I, 3}, and therefore P& N B) = T D
Step Z: Use the addition probability rule.
P#H U B) = P(A) + P(B) - Pk N B) | %&
S R N
PHU B) = 7 7 3
P& U B) - %

Therefore, the probability thot €dward rolls an odd number

or o humber less than or eqyal to3is A.

k)
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1. & produce grocer is unpacking b crotes, each with a

different type of apple: Red Delicious, Granny Smith,
Honeycrisp, Galo, Fuji, and Ginger Gold. What is the
probability that the grocer unpacks the Honeycrisp
opples first? Assume that the grocer is equally likely to
choose each crate.

- The probability that a person inside a convenience store
will purchase a drink is % What is the probability that
the person will not purchase a drink?

. # bag contains 1Z blue marbles, 8 purple marbles,

10 orange marbles, and 14 black marbles. # marble is
drawn, then it is replaced and a second marble is drawn.
Whot is the probability of drawing a purple marble and
then an orange marble?

- Mandy creates a set of Zb cards, each with a different
letter of the alphabet, and places them all in a bucket. I
Mandy's niece Riley draws one card from the bucket and
then drows another card without replacing the first one,
what is the probability that Riley picks first a card with
a consonant and then a card with a vowel? The letter Y
shovld be considered a consonant.
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WECK vour {IOWLEDEE !

For questions 5 through 7, use the spinner below.

5. & game at the annual school fair requires the participant

to spin the spinner. If the spinner lands on a composite
number (a number with more than Z factors), the
participant wins a prize. Whot is the probability of the
spinner landing on a composite humber?

- What is the probability of the spinner landing on a

sector that is orange or red?

- What is the probability of the spinner landing on a

prime number or a number greater than 157
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| CHECK Your [ISEERS

§|U1 SR B

4. P(consonont and vowel) =

_ 21 5 _105 _ 1
P) - PB) = - 75 = 450 - T30

s
31

_ - 8 1 15
6. P(omnge or red) = P(#) + P(B) 2Tt 37 " 3

1. P(prime number or number greater than 15) =

.25 1
P« PB) - PN B) = 5=+ o= - 2 = =2
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CONDITIONAL

CONDITIONAL PROBABILITY refers to the likelinood of
one event occurring given that another event has alreadg
occurred.

For example, say that youv have a bag with Tmarbles, 3> white
and 4 black. You drow 1 marble from the bag at random,

and then you drow another, withovt replacing the first one.
What is the probability that the second marble you drow is
black, given that the first marble you drew was white?

Since the first morble was white, there are b marbles left in

e 4L
the bag and 4 are black. So, the probability is v 3
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Consider two events where the second event depends on
the first event. If A is the first event and B is the second
event, then we may state the conditional probability as the
probobility of B given 4, and we write P(B|A).

The vertical line is read “9iven."

We can £ind the conditional probability of event B given
event & using the formula

_ PANB)
‘P(BlA) BT
Equiva|en+|9,

P& N B) = PR - PRI

"EXAMPLE: Meghan has 40 cards, each one with a
different number written on it from 1+hrough 40. While playing
a game in the class, a student selects one card, doesn't replace
it, and then selects another card. \Whot is the probability of
selecting first a card with an odd number written on it and
then a card with an even number written on it?

Given thot each of the 40 cards has a different number
written on it, from 1 Jrhrough 40, you know thot half of those
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cards (20) have an odd number and the other half (20) have EXAMPLE: I two b-sided number cubes are rolled, whot
an even number. is the probability that the resvlting sum is 8, if it is known
that exactly one of the number cubes shows a 57
Event #: Selecting a card with an odd number.
There are 36 possible outcomes when we roll two number cubes.
€vent 8: Selecting a card i i
) Think: Since the first card .
with an even number is not replaced, event B Possible ovtcomes:
offer selecting a card DEPENDS ON event A.
with an odd number. , . | NUMBER
otz 53 14 15 1 06
Probability of event #: 1 a0 a,2) (1,3 1,4 1,5 (1, 6)
P(#) - Number of favorable ovfcomes _ Z0 2l ey ey el e | sl e
number of possible ovtcomes 40 ~ | | .
. | a
"Probability of event B given event #: 3 3 | 3107 (G2 | (3,3 | 4349 | (3, 0)
ot
P(B|#) = —number o favoroble ovtcomes ____ 70 o 4 @) @D @I G 45 | 6o
number o€(+]r>\zizlti);e] ?::gocmaﬁz)remammg 39 g . . .
*Tslei e 64 | 65 | 60
Probability of compound event: ! ' !
0 @ | blwb %J)lwﬁ %A)|w9 (6, ©)
Pk N B) = P#) « PBIA) = T R T
So, the probability of selecting a card with an odd number In this problem, we are specifically looking at the case
followed by a card with an even number is % where the sum of the two cubes is 8, given that one of the
number cubes shows a 3.
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Let & be the event thot exacﬂy one of the number cubes
shows o 3. The favorable ovtcomes in event & are high|igh’red
in the table on the previous page.

A ={(1,3),(2,3),43),5,3), 6, 3),31,(03,2),(34,(3,5), 3,63

So, there are 10 ovtcomes in event &, ond P#) = % = %

Let B be the event that the sum of the +wo number cubes is
8. Then A N B is the event that the sum of the two number
cubes is 8 and exacﬂg one of the number cubes shows a 3.

AN B =5 3)(35)

So, there are 2 ovtcomes in event A N B, ond PA N B) = L

.1 3
18
1
_PANB) _ 18 1
Tt follows that P(B|A) o) R
18

Therefore, if exacf/y one of the number cubes shows a 3, the

probability that the resulting sum is 8 is %
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EXAMNPLE: In o group of 11Z engineering maijors,

55 took chemistry in high school, 4Z took physics in high
school, and 31 took both chemistry and physics in high school.
If an engineering mojor who took chemistry in high school
is chosen at random, what is the probability they also took
physics in high school?

We can use a Venn diagram to illustrote this problem.

To get the number of engineering mojors who ook only
Chemistry, compute 55 - 31 = 74.

To get the number who took only physics, compute 42 - 31 = 11.

ENGINEERING MAJORS
C/wem's'l'ry P/sysics
24 31 I

46

To get the number who took neither chemistry nor physics,
compute 11Z - 74 - 31 - 11 = 46.
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"Probability of an engineering major taking chemistry:

_ 55
PH) = 7

"Probability of an engineering major taking chemistry
and physics:

E
PN B = —-
3]

PRNB) T2 _ 3
PH) 55 55 °
nz
Therefore, the probability that an engineering major

who took chemistry in high school also took physics in

. . 3]
h|gh school is o

Tt follows that P(BJA) =

196
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1. A bakery receives a crate of 12 apples. In the crate,

WECK vour FHIOLILEREE

4Z opples are Granny Smith and 30 are Golden Delicious.
One apple is randomly picked from the crate and not
replaced, and then a second apple is picked. What is

the probability that the second apple picked is Golden
Delicious, given that the first apple picked was Granny
Smith?

2. During a fundraising event, the cheerleading teom
conducted o raffle to give away two electronic devices.
€ach $10 donation entitled the donor to a ticket, and
these tickets were distribvted as either blue or red.

A total of 330 blue tickets and 300 red tickets were
distributed. At the homecoming game, two winners are
selected by drawing two tickets in succession. Whot's
the probability that the second ticket drawn will be red,
given thot the first ticket drawn was blue?

3. Gerard randomly selects Z cards from o deck of 60
trading cards. In the deck, 40 cards show players from
Team # and the other Z0 cards show players from Team
B. Whot is the probability that the first card shows a
player from Team # and the second card shows a player

198

from Teom B if (A) Gerard reploces the first card before
selecting the second card, and (B) Gerard does not
replace the first card?

4. Sohail tosses a fair coin twice.
A. What is the probability that the coin will land on tails
both times?
B. If the first coin toss results in tails, what is the
probability that both coins will land on tails?

5. # city parks department surveys high school students to
determine whether they own only a bicycle, only in-line
skates, both a bicycle and in-line skates, or neither a
bicycle nor in-line skates. The results of the survey are
shown in the table below.

Owns onlya ' Owns only | Owns both a ' Owns neither
bicycle in-line skates bicycle and ' a bicycle nor

in-line skates ' in-line skates

380 605 1714 715

If one of the students who participated in the survey is
chosen at random, what is the probability they own both
o bicycle and in-line skates?
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Recall that a BINOMIAL is an expression with two terms.
So, a binomial can be written in the form a + b.

The BINOMIAL THEOREM provides us with a formula
for raising a binomial to a positive integer power.

In other words, it allows us to write (a + b)" in an
expanded form.

For example, the expanded form of (a + b) is
(@a+b=(a+b)a+b)=a’+2ab +b?

We'll explore the Binomial Theorem in a moment. First,
let's look ot Pascal's triangle, which has an important

relationship with the Binomial Theorem.
202

PASCALS TRIANGLE

In generol, PASCAL’S TRIANGLE con be used to find
the coefficients in the expansion of the expression (a + b)"
for any positive integer n.

€ach row of Pascal's +riangle has one more number thon the
preceding row.

Row O consists of just the number 1, and Row 1 consists of
1 followed by another 1.

The numbers in each subsecluerﬂ- row con be found bg
adding pairs of adjacent numbers in the preceding row

(except for the left and right numbers, which are always 1).

So, for Row 7, since 1+1=2, we have a Z in the middle
with o 1ot each end. Tt looks like 17 1.

These numbers help us write the expanded form of (a + b)%:
laz + 2ab + 1b* = a* + 2ab + b*

Row3is1331.

So,(a + b =1a3+ 3al b + 2ab” + 1b®> = a3 + 3ab + 3ab? + b?
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This pattern continues forever. TERAMPLE: Use Poscal's triangle to expand (a + b)* and
(a + by.

(a + b)*:

Since n = 4, use ROW 4 of Pascal's friangle fo find the
coefficients of the expanded polynomial: 1, 4, b, 4, 1.

Start with a*°, and as you go £from one term to the next,
decrease the power of a by 1 and increase the power of b

PASCAL'S TRIANGLE b3 1
Notice the following: The expansion of (a + b)* is as follows:
1+2+1=(4) =722 (a + b)* = 1a*° + 40" + ba’b* + 4a'b> + 1a%*
143+43+1=8 =123
1+4+6+4+1=06=72¢ = a*+ 4a°b + ba?b? + 4ab> + b*

Therefore, the expanded form of (a + b}t is
a* + 4a3b + bab + 4ab® + bt

Sum of eoch row = Z_(Number of the row) (a + b)s:
1+ 7+21+35+36+ 21+ 7+1 Since n = 5, use ROW 5 of Pascal's +riomg|e to £ind the
=128 =77 coefficients of the expanded polynomial: 1,5,10,10, 5, 1.
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Start with a®b° and os You go £from one term to the next,
decrease the power of a by 1 and increase the power of b
bg 1.

The expansion of (a + b)® is as follows:
(a + b)® = 1a%° + 5a%' + 10ab* + 10a%b? + 5a'b* + 1a%°
= a% + 5a% + 10a°b? + 10ab* + 5abt + b°

Therefore, the expanded form of (a + b)° is
a® + 5a% + 10a%b* + 10a* b® + 5abt + b5,

BINOMIAL THEOREM
The BINOMTAL THEOREM says: for any positive integer n
and any real numbers a and b,

(@+b) =
ncoanbo + nC]a(n-])b] + ncza(n—Z)bZ + .+ nc(ﬁ_])a1b(n-1) + nCnOObn.

Notice that the coefficients of (a + b)" given in the Binomiol

Theorem are just the numbers in the nth row of Pascal's
friangle.
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Now let's use the Binomial Theorem to compute (a + b)" for
n=27andn =3

for n = 2:
(a + b)?. = zCoazbo + 1C1a1b1 + zCzaobz

=la% + 2ab + 1b* Think: The coefficients ,Co, 2C;,
and ,C, are just the numbers in

2\ 20b s bt Row 2 of Pascal’s triangle: 1 2 1.
=Aa°+ LAD +

So, for n = 7, the expansion of (a + b)* is a’ + Zab + b*.

for n = 3:
(a + b)3 = 3C0 a’po + 5C1 atb + 5Cza1bz + 3C5a°b3

= 1a% + 3a%b + dabt + 1b? Think: The coefficients 5Co, 5C;,
sCy, and ;5 are just the numbers in
Row 3 of Pascal’s triangle: 13 3 I.

= ad+ 3ab + 3abt + b3

So, for n = 3, the expansion of (a + b) is a® + 3a%b + 3ab* + b>.
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"EXAMPLE: Compute the following expressions.
1. (x+

Since n = 4, use RO\W 4 of Pascal's +riangle to £ind the
coefficients of the expanded polynomial: 1, 4, b, 4, 1.

(X + D* = 1x*1° + 4x3T + o212 + 4x"3 + 1x0 14
= x4+ 4x3 + bxT + 4x + 1

So, (x + N = x*+ 4x3 + bx2 + 4x + 1.

2. (2x+3yp?

Since n = 3, use ROW 3 of Pascal's triangle to find the
coefficients of the expanded polynomial: 1,3, 3, 1.

(Zx + 3yP = AZxP(3Y)° + SZx3Y) + AZx)N(3Y)* « AZx)°(3y)
=8x>+3 . 4x2 3y +3 . 2x - Y+ 2Ty
= 8x3 + 3bx2y + S54xy* + 21y?

So, (2x + 3y)3 = 8x3+ 3(oxzy + 54xyz + Z'Iy3.
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A
X

Since n = 3, use RO\W 3 of Pascal's +riomgle to £ind the
coefficients of the expanded polynomial: 1,3, 3, 1.

3 3 Z 1 0
(i ' ) ) (i) ) ]o ' 3(£) . T‘ ' 3(£) ) 11 ' ‘l(i) . ]5
X X X X X

8 4 yA
ettt
_8.1Z2,6 ,
X xt x
3
So (L) -8 .12,0 4
x> xt X



& | CIECK YouR [OLILEDEE

For questions 1through b, compute the expressions using the
Binomial Theorem.

1. (B3x + Zy)Z

3
! (l +2.b)
a

. (5x - yp?

4
| (Za +—2)

ORI

R

o

=

W

6. (d-10p
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1. AxZ+ 12xy + 4y1

2. L, 00 10 g
a> at a

3. 125x3 - ‘ISny + 15xyz - y’-‘

b4a® . Abar b4a . 16

4. 1oa* + 5 o + o b

5. x7+ (ox“'y3 + 1Zx3yb + 8y°‘

6. d° - 50d* + 1,000d? - 10,000d? + 50,000d - 100,000



DATA is a collection of facts in the form of numbers,
words, or descriptions. STATISTICS is the organization,
presentation, and study of dato.

TYPES OF DATA

There are two types of dato: quantitative doata and
qualitative dato.

QUANTITATIVE DATA: Informoation that is given
in numbers. Usuallg this information con be covnted or
measvred.

QUALITATIVE PATA : Information given thot describes

some’rhing. Usuallg this is information that can be observed,

such as appearances, textures, smells, and tastes.
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Quantitative and qualitative data can be collected,
interpreted, and summarized in words, graphs, and images.

COLLECTING DATA
# STATISTICAL QUESTION is o question that anticipates
having many different responses.

“How tall am I7"

This qyesﬁon hos onlg one answer. It is not a stotistical
q_ues+ion.

“How tall are the students on the basketball team?"

This qyesﬁon hos more than one answer, so it is o statistical
c{uesﬁon.

VARIABILITY describes how spread out or closely
clustered a collection of data is.

The answers to a stotistical quesﬁon can have
HIGH VARTABILITY (they are very spread out) or
LOW VARIABILITY (’rheg are closely clustered).



SAMPLING

Sometimes we can gother dota from every member in
o group. However, most of the time that's not feasible.
Therefore, we use o SAMPLE, o small part of o larger
group to estimate characteristics of the whole group.

EXAMPLE: There are 86Z students entering a new
agricuttural high school in the fall semester. The principal,
Mr. Thomas, is curious o know how many incoming students
wovld be interested in joining a summer community
gardening project. To gather data, Mr. Thomas randomly
surveys 100 students and determines that 82 of them are
interested in joining this summer project. Based on this
random sample, approximately how many incoming high
school students wovuld likely be interested in participating in
the project? Round the answer to the nearest student.

Since 87 of 100 members were interested, it is likelg thot
87 4

approximately 00 " 50 of the students will be interested.
4 _1en _
86Z - 0 " 75 106.84

Therefore, approximately 107 students would likely be
interested in participating in the summer gardening project.
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DISPLAYING AND
ANALYZING DATA

Tables are vsed to present data in list form. But we can also
represent data visvally with graphs and diagrams.

Circle Graphs
# CIRCLE GRAPH is divided into sectors, with each sector
representing a portion in a collection of dota.

This circle graph visvally represents the revenve amassed
from sales made in different departments of a grocery
store.

GROCERY STORE SALES (JANUARY)

@ Wellness Dairy Products
Canned Foods @ Pet Food
© Produce o frozen Food
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TWO-WAY TABLES
A TWO-WAY TABLE has rows and columns. I+ shows two
or more ca‘regories of data collected from the same data

group.

The two-way table below shows data collected from 155
math students pertaining fo their average in math and
whether they speak a world language.

Speak a | Do Not Speak
World o World Total
Language Language

oth fvero
M vt 10 20 a0
290
t+h &
Mo veroge 5 48 o3
<90
Total 85 8 153
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LINE PLOTS

A LINE PLOT provides a simple way to display the frequency
of data. It displays data by placing X's above numbers on a
number line.

NUMBER OF APPS ON CELL PHONE
The line plot shown

displays the number §
of opps a selection of X X X
students have on their XXX X
X X XXX X
cell phones. ———————t—t

1 2 32 4 5 6 7 8 910
Nurnber O‘F dPPS

HISTOGRAMS

A HISTOGRAM is o graph that shows the frequency of data
within intervals. It looks like a bar graph, but unlike a bar
groph, there are no gaps between the vertical or horizontal
bars unless an interval has a frequency of 0.

The histogram on the following page shows the number of
customers who called customer service in a 10-hovr period.
The histogrom is divided into Z-hour intervals.

We always assume that the left endpoint of an interval is
included in the interval and the right endpoint is not.
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PHONE CALLS TO CUSTOMER SERVICE

The tallest bar represents the
N busiesf Z-Iwur interval.

7
The shortest bar

BT

rerresenfs the
30 ¥

slowest 2-hour
57T interval.

20T
5T
10 + \[
5 4

9am MNam 1pm 3pm 5pm

'HourS

FrequenCy

number of
customers

From the graph, we can see the following;
35 customers called between 9 am. and 11 a.m.
15 customers called between 3 p.m. and 5 p.m.

BOX PLOTS

A BOX PLOT is o diagram thot shows how data is
distribvted. T+ does not show all the data. Instead, it
summarizes the spread of the data.

The data is displayed along a number line and is split into
QUARTILES (qyar’rers). The MEDIAN of the dota (the middle
number when the data is armnged in increasing order)

separates the data into halves. The quartiles are valves that
220

divide the data into fourths. The median of the lower half is
the lower quartile of the data and is represented by Ql. The
median of the upper half is the upper quartile of the data
and is represented by Q5. The size of each section indicates
the variability of the data.

Median
Ql £ 03
MINIMUM M / MAXIMUM
x [ ] (> '\Z

The box plot shows:

15% of the dota was above 71.
Q3 up to the maximum

725% of the dota was between 17 ond 21.
_ the median up to Q3

725% of the data was between 14 and 11.
Ql up to the median

25% of the data was below 14.

Q! down to the minimum
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Notice that in the given box plot, the right-hand portion of
the box is wider than the left-hand portion. When a box
graph is not evenly divided in half, the data is said to be
SKEWED.

I£ the box plot has o wider right side, the graph is described
as skewed right.

I£ the box plot has a wider left side, the graph is described
as skewed left.

If the box plot is evenly divided, the graph is described as
symmetrical.

SCATTER PLOTS
A SCATTER PLOT is a graph that compares two reloted
collections of data on a coordinate plane. Scatter plots

groph doto as ORDERED PAIRS.

By graphing two sets of data on a scatter plot, we can tell
if there is any relationship or CORRELATION between them. In
the scoatter plot on the next page, the relationship is between
the number of hours studied and test scores. Notice that the
scores go vp as the hours of studying go vp. Therefore,

this scatter plot shows that there is a relationship between
fest scores and studying. This relationship is known as a
POSITIVE CORREALTION.
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# line can be drawn on the graph that roughly describes the
relationship between the two sets of data. This line is called
the LINE OF BEST FIT. The line of best fit represents the
general trend of the data. It is a good indicator of how the
points are related to one another.

POSITIVE CORRELATION: As one variable increases, the
other varioble increases as well.

POSITIVE CORRELATION

100 }
a5}
a5 +
s
a0 ¢
815 1
85 1
825 T
80 t
s +
4
125 4
10 4
o5 4
o +
w25 4
60 +

Tesf SCoreS

L 4

05 1 15 YA 15 3 35 4 45 5
Number of Hours Sfudied
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NEGATIVE CORRELATION: As
one variable increases, the
other varioble decreases.

NO CORRELATION: The valves
have no relationship.

SFeed

Shoe Size
ol ol ol

0t
w0
501
0%
301
201
0t

—
o =
. L
T T

'Q
4

5 1 15 225 3 35

Tihne (HOM"‘S)

L 4

1.2 3 4 65 6 1

* Musical Ability

The process of using a line of best fit o summarize dota

and make future predictions is called LINEAR REGRESSION.

LINEAR REGRESSION

LINEAR REGRESSION

Sometimes a line might not be very useful for summarizing
the doto, but another kind of function might work. In

this case, we might use QUADRATIC REGRESSION, or
EXPONENTIAL REGRESSION.

QUADRATIC REGRESSION

EXPONENTIAL REGRESSION

N
°

\ 4
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LINE GRAPHS
A LINE GRAPH is a graph that can be used to show a change
in data over time.

For example, a store can use a line graph
[4 grip
to keep a record of how many team jerseys
" it sells each day of the week.

TEAM JERSEYS SOLD PER DAY

a0
80

10 .
IS
'%a ©0
S 50 P
> 40
S5 30 ° °
< 20
0
£ 10 ¢
> N
= 1 1 1 1 1 >

0 T T T T T
MON TUES WED THURS FRI

Day

Based on the line groph, it appears that the store sells the
least jerseys at the beginning of the week and the most
jerseys ot the end of the week.

STEM-AND-LEAF PLOTS
A STEM-AND-LEAF-PLOT orgonizes dota from least to
greatest using place valves.
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" reward Po;h"'S earned
based on er amount o

For example, an online store can look at the

by its first 35 customers
A

Ijeir Purc/mses.

REWARD POINTS EARNED STENM LEAF

86
T
23
i
81
1
68

T
a2
59
68
1
83
4

a1
47
17
82
i
10
56

60
88
15
Sy
39
18
%

55
61
83
89
61
a
81

z 3

q

19

569

01788
0245561181
11233689
112 41

KEY: 2|3 = 23

O X g9 e L » W

Observe how the STEMS are all the possible tens places that
appear in the data and the LEAVES are all the ones places
that appear in the data. €ach possible stem is listed just
once, whereas every leaf is listed, even if there is repetition.

Also, observe that the rewards CLUSTER around the 60 to

a0 range.

QUTLIERS

# valve that is signi?ican’rlg lower or higher thon the other
valves in o dota set is called an OUTLIER. An ovtlier can
throw off the average of o collection of dota and give o

skewed portrayal of the data.
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H E@E&YO“R %ww&g@ﬁ | €. Does the Bannor family allocate more money to their

mor’rgage ond savings thon +he9 do to clo+hing,

@t

vtilities, internet, cell phone service, and subscriptions?

1. The Bannor fomily uses their net income fo create a Explain how you came vp with Your answer.
monthly budget, as shown in the circle graph below. D. What is the Bannor family's monthly net income?
BANNOR FAMILY MONTHLY BUDGET 2. The two-way table below represents the results of a
SAVINGS 15% CLOTHING, UTILITIES, survey given to high school students currently toking
$1.125 INTERNET, CELLPHONE,
AND SUBSCRIPTIONS 20% environmental science.

$1,500
Answer the Following qyes‘rions based on the toble.
FooD 23% MISC. 5% B - . »
$1.725 $375 ; owns owns
~ _ - Total
ski gear swimming gear
TRANSPORTATION 12% f | | | 1
$900 I .
Likes the winter na 51 16
ENTERTA;QISI%ENTIO% season best
MORTGAGE 15% i 1 1 1 |
$1.125
Likes the summer 37 86 18
Answer the following questions based on the circle graph. season best
A. Which ca+egor3 has the greafesf allocotion of i | 1 X 1
income? \Which cod-egorg has the /east allocation of Total 151 143 7294 | |
income? 1 " : N i
B. To which two ca+egories does the Bannor Familg A. How many students like the winter season best and
ollocate the same amount of moneg? \What is the total own swimming gear?
percentage of that income allocation? B. How many students like the summer season best and

own ski gear?
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C. How many students like the winter season best and
own Ski gear?

. The owner of an avdiobook app sends ovt a survey
asking select customers how many avdiobooks they
downloaded in the past three months. The responses
were 5,3,6,4,99,48,510,4,3,2,1,1,4,3 12,3 2, ond
4. Create a line plot from the data collected by the app's
owner. Then answer the following question: Does this
dota contain any ovtliers?

- Joshvars fitness app allows him to earn points every
time he performs various modes of exercise. The given
histogrom shows the points Joshva earned over the span
of 1o days.

Answer the following questions based on the histogrom.

A. On how many days did Joshva earn between 60 and
19 points?

B. On how many days did Joshva earn at least 80
points?

€. Which interval shows five days of earned points?

- university coach records the heights of all players on

the vollegball teom.

Volleyball Player Heights (in inches)
59, bbb, bb, 63, 63, 69, 69, 69, 69, 10, 10, 10, 10, 10, 1N, 12, 12,
2, 12, 12, 13, 13, 13, 14, 14, 15, 16, 16, 16

Create o box plot of the given data. Then answer the
following questions.

~
DR o
. A. Where is the lower quartile located?
EN B. Where is the upper quartile located?
JOSHUA'S & ]
FITNESS ;
POINTS 2 24
=
1
0 >

50 60 10 80 a0 100
Nurnber of Earhed Points
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6. The high school basketball feam records the number of @ H E@E& yo“R @w@wg R

people attending their weekdoy games in the stem-ond-

leaf plot below. 1. A. greatest allocation = food; /
least allocation = misc T
Answer the following questions based on the stem-and- B. savings and mortgage; 15% + 15% = 50%
leaf plot. C. Yes. 50% of the family's income is allocated to savings
i i | and mortgage, and only 20% is allocated to clothing,
STEM LEAF vtilities, internet, cell phone service, and subscriptions.

10 13 ' p. 1500

13

1Z 154504 2. A.51

3 90050 B. 32

4 000 c.na

5 05700

'O 2 3. AUDIO BOOK APP SURVEY

"0

. x X

19 |5 X X X

20 X X XX
- - : X XX XXX X
KEY: 10|3 = 103 S

0 1 2 3 4 5 6 1 8 9 10

A. Which stem hos the most attendance recorded? Af’;;'f%ilffﬂ:??'miﬁs

B. How many basketball games had less than 160 people
in attendance?

The collection of data contains no ovtliers.
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. A.8
B. 6
€. The interval from 80 to 89 points.

VOLLEYBALLPLAYER HEIGHTS (ININCHES)

55 60 65 10 5 80

A. 69
B. 13

6. A.1Z
B. 71

85



MEASURES OF

CENTRAL TENDENCY

AND VARIANCE

MEASURES OF CENTRAL
TENDENCY

Information about a data set con be conveyed bg using
MEASURES OF CENTRAL TENDENCY . A measure of
central fendency is a single number that is used to describe
o whole collection of data.

The three most common measvres of central +endencg ore
the mean, median, ond mode.

Mean
The MEAN (also called the average) is one of the most
often used measures of central +endenc,9.
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To calcvlate the mean, add vp all the data, then divide the
sum bg the number o€ addends. The mean is most vseful
when the dota valves are close +oge+her.

For example, suppose that Darren took b tests in math and
received scores of 18, 90, 80, 85, 85, and 9Z. To £ind the
mean (average), add all the test scores and divide them by
the number of scores (6).

18+90+80+85+85+92 _ 510 _
6 6

85

So, Darren's averoge moath test score is 85.

Median
The MEDIAN is the middle number when the dota is
arranged in increasing order.

The greatest value in a data set is called the MAXIMUM.
The lowest value is called the MINIMUM.

The middle number (when the values are
listed in order) is called the MEDIAN.

\When there is no middle number, £ind the mean of the two
valves in the middle bg adding them +oge+her ond then
dividing bg 7.
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For example, let's go back to Darren's test scores:
18, 90, 80, 85, 85, 97

The maximum of the doto or highes+ test score is 97, and
the minimum of the doto or lowest test score is 18.

To €ind the median, we first need to rewrite the data in
increasing order:

18, 80, 85, 85, 90, 92

The middle two terms are 85 and 85. Therefore, the median
is also 85.

So, Darren's median mothematics test score is 85. His
moximum test score is 92, and his minimum test score is 18.

Let's look at another example. Here's the data:
b, 3, 3,10
First, rewrite the dota in increasing order:

5,306,110

Next, iden’ri?g the minimum oand moximum valves.

The minimum is 3. The moximum is 10.

Then f£ind the medion. Since there is no middle term,
colcvlate the sum of the two middle terms ond divide the
result bg 7.

3+0=9

9:2=45

So, the median is 45.

Mode

The MODE is the value that occurs most often in a
collection of data. There can be one mode, more than one
mode, or no modes ot all. (I no valves are repeated, we soy
that there is no mode.)

Let's 9o back 10 Darren's math test scores:
18, 90, 80, 85, 85, 92

In this data, only one test score repeats: 85. So, the mode of
Darren's math test scores is 85.
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EXANPLE: To anticipote future resource requirements
for its media center, a university tracks the number of
students who attend the center daily throughout the fall
semester. The toble below lists the in-person vsage totals.

DAY : NUMBER OF STUDENTS |

Mondag | 1198
Tuesdag 71,153
Wednesdoy | 2,8
Thursday | 1964
Fridog 83
Sa’rurdag g3
Sundag | 1,006

The head of planning and development at the university
wants o vse measvres of central ’rendencg to assess the
doto. Find the mean, medion, minimum, maximum, ond mode

£or this doto.

Step 1: find the mean (average).

Add vp all the data, and then divide the sum by the number

of addends.

1198 + 2,155+ 2,187+ 1964 + 9183 + 983 + 1,000

mean =
3
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|

meon - 108

meoan = 15682
Step Z: find the median, minimum, and moximum.

Ploce the data in order from least to greod-es’r.

minimum median maximum

{
83, 983, 1,006, 17198, 1764, 2,153, 7,181
Step 3: find the mode.

Only one number repeats: 985. Therefore, the mode is 985.

MEASURES OF VARIATION

We can also use MEASURES OF VARIATION to provide
information about data. Measures of variation describe how
the valves in a collection of data vary. The simplest measure
of variation is RANGE. The range of a collection of data is
the difference between the maximum and minimum valves.
The range shows how "spread ovt" the data is.
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For example, let's revisit Darren's math test scores:

18, 80, 85, 85, 90, 92
The range is 92 -8 = 14.

So, the ronge of Darren's
moth test scores is 14.

VARIANCE ond STANDARD DEVIATION measure how

Think: We organize
the scores from
leastto greatest to

determine the range.

spread ovt the data is from the mean.

To compute the variance of a set of data, follow these

steps.

1. Find the mean of the dota. Let's call the mean x.

2. For each piece of dota Y, find the difference y - x.

3. Square each of the numbers found in Step 2.

4. Average the numbers found in Step 3.

To compute the standard deviation:

3. Toke the square root of the number found in Step 4.
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SERAMPLE: A job-seeking opp has a function that analyzes
entry-level salaries for civil engineering positions across eight
major engineering companies. This analysis serves to inform
its users about the extent of income variability as they apply to
job postings. Refer to the table below for detailed salary data.

Calcvlote the stondard deviotion of these en+r9-level salaries
to the nearest dollar to gauge the extent of salarg variotion.
Then determine the range to further assess the salary spread.

CIVIL ENGINEER ENTRY-LEVEL SALARIES
$68,000 $82,000 $69,200 $88,000
$16,000 $80,000 $90,000 $719,000

Follow the steps given to find the variance.

Step 1: find the mean of the dato.

mean =

08,000+ 82,000 + 69,200 + 88,000 , 16,000 + 80,000 + 90,000 + 19,000

8 8
meon = 632,200
8
meon = 19,025

Let x be the meon, so that x = 19,025.
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Step Z: for each piece of data (salary) y, £ind the difference
Y- x

. SALARY (¢) _ y-x .
$68,000 68,000 - 19,025 = -11025
I §82,000 82,000 -719025=2915 |
i $69.200 69,200 - 19025 - -9825 |
i $88.000 88000 - 19025 - 8475 |
: $76,000 76000 - 19,025 - -3025 |
g $80,000 80000 - 19025 - 915 |
I $90,000 90000 - 19025 = 10915 |
I $79,000 79000 - 19,025 = 25 |

Step 3: Square each number found in Step Z.

_ 11025 i (11025 - 121550,625

_ 2975 _ 297152 - 8,850,625 |

. 9,825 : (9825 = 96,530,625 :
875 8752 = 80,550,625

: 3,025 (-3,025) = 150,625
I15 oI5 - 950,625

i 10975 109152 = 120450,625 '
25 _ (-25) = 625
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DIFFERENCE | SQUARE EACH DIFFERENCE |

Step 4: Average the numbers found in Step 3.

mean =

121,550,625 + 8,850,625 + 46,530,625 + 80550625 , 150,625+ 950,625+ 120450,625 + 625
8 8

meon = 128035000

8

mean = 54,154,315

Step 5: Take the square root of the number found in Step 4.
Round to the nearest whole number.

V54,154,315 ~ 1400

So, the stondard deviotion of the en+r3—level salaries is
approximately 7400.

This means thot most of the salaries (approximately 68% of
them) are within §1400 of the mean.

Now calcvlote the roange.
The greatest salarg is $90,000. The lowest salarg is $68,000.
The range is 90,000-68,000 = 22,000.

So, the ronge of the en’rrg—level solaries is $22,000.
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WECK vour FHIOLILEREE

The gjiven line plot displays the final exam scores for
Ms. Carly's algebra class.

ALGEBRA FINAL EXAM TEST SCORES

KK KK

X
X
X X
X XX XX
XX XXX XX

100 95 90 85 80 15 10

A. Find the mean, minimum, moximum, medion, mode, and
range of the final exam scores. Round calcvlations to
the nearest hundredth.

B. Does this collection of data contain any ovtliers?

I£ so, what are the ouvtliers?

2. # high school's environmental grovp collects and recycles

bottles and cans to keep their community clean and
raise money for future endeavors. The table below lists
the number of bottles and cans the group collects over
o period of eight weeks.

Week 1 1430 Week 5 1135
Week 2 1,008 \Week 6 1135
Week 3 1,207 Week 1 1923

Week 4 1421 \Week 8 1,246

A. For this collection of data, find the mean, minimum,
maximum, median, mode, and range. Round all
calculations to the nearest bottle/can.

B. Does this collection of data contain any ouvtliers?
I£ so, whot are the ovtliers?
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3. In Ms. Val's science class, students record from April 1
to April 5 the femperature of their school's ovtdoor pond.

The temperatures recorded, in Fahrenheit, are shown
below.

Pond Temperature, #pril 1-5
31°F
35°%F
47°F
48°F
46°F

Calcvlate the standard deviation of these temperatures.
Round the answer to the nearest whole number.

. An opp for finding local apartments has a function that
analyzes the monthly cost of one-bedroom rentals in a
suburb of a moajor city. This analysis serves to inform its
users about the extent of monthly one-bedroom rental
cost variability as they search for apartments in this
suburb. Refer to the list on the next page for detailed
monthly rental cost dato.
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Calculate the standard deviation of the monthly cost of
these rentals to the nearest dollar to govge the extent
of cost variation. Then determine the range to further
assess the spread of the monthly rental cost. Round
answers to the nearest dollar.

$1450 $1150 $1,500 $1,600
$1,615 $1,800 $1950 $1700
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| CHECL Your ASWERS |

1. A. Mean: 85.26
Minimum: 10
Maximum: 100
Median: 85
Mode: 80 and 85
Range: 50

B. No ovtliers

2. A. Meaon: 1314
Minimum: 1,008
Moaximum: 1923
Median: 1,221
Mode: 1135
Range: 915

B. Yes: 1923

4. The standard deviation is approximately 152. The range
is 500.



A BINOMIAL EXPERIMENT is an experiment that has
exac+|9 two ovtcomes.

For example, £lipping a coin is a binomial experiment becavse
the only two ovtcomes are heads or tails.

In a binomial experiment, we usually categorize the
results as “success” and “failure.” In the case of
flipping a coin, we can decide which is which.

—

If we perform a binomial experiment and the probability
of success is p, then, becavse the probabilities of all possible
ovtcomes must add up to 1, the probability of failure is g =1-p

For example when £lipping a coin, the probability of heads

is T Therefore, the probability of tails is 1- %

1
Z
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We will often be interested in performing a binomiol
experiment multiple times. \We refer to each time we
perform the experiment os o TRIAL.

A PROBABILITY PISTRIBUTION is o function that
describes the likelihood of obtaining all possible values thot a
random procedure con toke.

# BINOMIAL DISTRIBUTION is o probability distribution
that deals with experiments having only two possible
ovtcomes: success and failure.

BINOMIAL DISTRIBUTION FORMULA

- In o binomial experiment with n frials, where p is the probability
- of success and ¢ = 1- p is the probability of failure, the
. probability of exacty r successes (0 ¢ r ¢ n) is given by

P=,Cp0-prr

EXAMPLE: A survey in a recent edition of a high school
newsletter confirmed that about 58% of the students ot
that high school vse public transportation to commute to
school. Suppose the principal randomly surveys 8 students.
Whot is the probability thot exactly 3 of them use public
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transportation to commute to school? Round the answer to
the nearest thousandth.

To answer this qpesﬂon, vse the binomial distribvtion formvolo.

The "success" in this binomial distribution is a student using
public fransportation. We are given that the probability of

success (p) = 0.58.

In randomly surveying 8 students, the principal is
conducting n = 8 independent trials.

The probability of getting exactly r = 5 successes is:
P=-= ,,C,p’(] - P)n-r binomial distribution formula

P== 3C3(058)3(] - 058)8-3  Substitute the values into the formula

g!

P=36-9

(0.58)%(042)°

P = 56(0.58)3(042)°
P = 0143 Round to the nearest thousandth

So, the probability thot exactly 3 of the 8 students use
public transportation to commute to school, to the nearest
thousandth, is 0.143.
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EXAMNPLE: Drow o histogram of the binomial distribution
from the previous example for the high school newspaper
survey fo show each one of the trials. Then find the
probability that ot most 3 of the 8 students surveyed use
public transportation to commute to school. Round the
answer to the nearest thousandth.

To draw the histogram and £ind the probability, use the
binomial distribution formula.

Step 1: Calcvlate the probability for each valve of r from O
+hrough 8. Round each answer to the nearest ten thovsandth.

P-= gCo(058)0(] - 0.58)8-0) P-= 3C4(058)4(1 = 0‘58)8-4
~ 0.001 =~ 0.2465

P = ¢((0.58)(1 - 0.58)~! P = ¢(5(0.58)°(1 - 0.58)8-°
~ 0.0101 ~ 0.2125

P = ¢(,(058)41 - 0.58)8-2 P = C,(0.58)(1 - 0.58)-¢
~ 00511 ~ 01880

P = ¢(5(0.58)(1 - 0.58)8-2 P = ¢, (0.58)'(1 - 0.58)8-"
~ 01418 ~ 0.07142

_P = gCg (058)8(] - 0.58)8_8
~ 0.0128
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Think: The sum of the probabilities for all the trials
for a binomial distribution should always equal 1.

f

Step 2: Moke o histogrom.

N

015 -+

0.20 -

015 <

010 -+

Probability

005 -

Number of Students

Notice that the histogram representing the binomial
distribution above has a symmetric "bell shape. This tends
to happen with binomial distributions. However, when the
somple size is small or the probability of success is not close
0 0.5, the distribution may be skewed left or right.

256

- Step 3: Find the probability that af most 3 of the 8 students
- surveyed vse public transportation o commute to school by
- adding the calcvlated probabilities for r equal t0 3, Z, 1, and
- 0. Round the answer to the nearest thovsandth.

L P(e 3) = P(3) + P(2)+ P(I) + P(O)
. ~ 01428 + 0.0511 + 0.0107 + 0.001 = 0.2062

- So, the probability that at most 3 of the 8 students surveyed
. use public transportation to commute to school, to the
. nearest thovusandth, is 0.2062.

- Note: Suppose we want the probability that more than

- 3 of the 8 students surveyed vse public transportation to
- commute to school. Since we already know Pls 3), we con
- compute this quite easily:

L PG 3)=1-P3)=1-020062 = 07938.

Think: Sometimes it may be
quicker to find the probability of
the complementary event and then
subtract that answer from 1.
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| EXAMPLE: The varsity basketball coach determines that

Niles has abouvt o 00% chance of moking eoch free throw.
What is the probability that Niles will make more than

3 ovt of b free throws? Round the answer to the nearest
thovsandth.

To determine the probability that Niles will make more than
3 out of b free throws, add the calculated probabilities for
r equal t0 4,5, and 6.

P = ,,CrPr(] - P)n_r binomial distribution formula

PA@) = ,£,0.60)*(1 - 0.60)e-* = 0.3110

P(5) = ,(:(0.60)°(1 - 0.0)*-%~ 01866

Pb) = ,C,(0.0)(1 - 0.60)°-¢ ~ 0.0461

P> 3) = P@) + PB) + Pb)

~ 0.3110 + 018606 + 0.0461 =~ 0.5445

So, the probability thot Niles will make more than 3 ovt of
b free throws is 0.5445.
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| EXAMPLE: A senior medical sales representative has
about a 5% chance of closing a deal with a potential client.
What is the probability that the salesperson will close a deal
fewer than 3 out of 5 times in one day? Round your answer
to the nearest thousandth.

To determine the probability that the medical salesperson
will close a deal with a potential client fewer than 3 out of
5 fimes in one day, add the calcvlated probabilities for
requal t0 0,1, and Z.

P(0) = 5C4(015)°(1 - 015)°-° = 0.001

P() = (01501 - 015)°-" = 0.0146

v P(2) = 5C,(015)(1 - 015)°-% = 0.0819

L P(«3)=P0)+ PO+ P(2)
~ 0.001 + 0.0146 + 0.0819 = 0.1035

So, the probability that that the medical salesperson will

. close a deal with a potential client fewer than 3 out of 5

- times in one dag is 0.1035.
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For cluesﬁons lond Z, drow o his+ogram of the binomial
distribution that shows the probability of exactly r successes.

ECLvour (LHIAILEDEE

1. p=010;,n=5
2. p=032,n=1

3. A minor league baseball player has abouvt an 80% chance
of hitting the ball. What is the probability that the
player will hit the ball more than 4 ovt of b times in a
game? Round your answer fo the nearest thovsandth.

. # low firm has a 90% success rate of winning o personal
injury lowsvit. What is the probability that the loaw firm
will win fewer than 5 ovt of T lawsvits? Round your
answer to the nearest thovsandth.

5. # survey conducted by a major airline confirmed that
about 48% of its frequent £lyer customers vse the
airline for business travel. Suppose an airline employee
randomly contocts 10 frequent £lyer customers. What
is the probability thot at most 6 of these customers use
the airline for business travel? Round the answer to the

nearest thovsandth.
ANSWERS 261
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Ino NORMAL DISTRIBUTION, data is symmetrically
distributed about the mean in a specific way.

The STANDARD NORM#AL CURVE is bell-shaped:

STANDARD NORMAL DISTRIBUTION
341%

-4 -3 -7 -1 0 1 yA 3 4
S"'dndard Deviafioh

Areas vnder the standard normal curve con be used to

approximate probabilities.
264

For example, the standard normal curve on the opposite
page shows us thot the probability that a randomly selected
piece of data (which we will represent with the letter 2) falls
between 0 and 1is approximately 34.1%. We could write this
os PO<cz<1) =034

Note: If we use < instead of <, the probability doesn't
change. P(0 £ 2 < 1) and P(0 < z < 1) are both also equal to
approximotely 0.341.

As another example, P(x < -1) = 0.5 - 0.341 = 0.159.
On the next page, there is a table of approximate areas a(x)

under the standard normal curve between the meon O and
the given number of standord deviations x.

L AN
< L-0 x 72
= mean
g = standard deviation

265



"EXAMPLE: Approximate each of the following

probabilities by vsing the standard normal distribution

table.

1. PO < x<c1062)

STANDARD NORMAL
DISTRIBUTION TABLE
| z| .00 .01 o2
100 | .0000 | 0040 |.0080
01 | 038 @ 0438 |.0418
02 | 0193 | 0832 |.0BTI
03 . | 21 fazss
T04 | 1554 | a1 | 1628
105 |5 | 1950 | .1985
Yoo | 2251 | 221 2324
01 | 2580 | 260 | 2642
08 2881 | 2910 |.2939
07 |39 | 38 | 3212
10 | 3413 | 3438 | 340l
T | 3643 | 3665 | 3686
T2 | 3849 | 3869 | 3888
13 4032 | 4049 | 4006
14 42 | 4201 | 4222
15 4332 | 4345 | 4351
16 | 4452 | 4465 | 4414 |
17 4554 = 4564 4573
18 | 464 | 4640 | 4650
9 4m 49 4126
120 412 | 4118 4183
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2. P(x215)

L z| 00| .01

00 | .0000 | 0040

o1 10398 | 0438

70z 10193 | 0832

03 L | azn

T04 554 | Al

To5 [ | 1950

T06 | 2257 | 221

01 | 2580 | 261

| :o.s 2881 : 2910

po w2 s

| 2643 | 30065

Look for 1.6 on the left side [z ' 3849 : 3869
of the distribution table and l 1: ] -:]0;’22 ] -:;’2:
then .0Z on the top of the 15 | s
table. 1o | 4452 | 44063
114554 | 4564

The en’rrg inside the table ot
that position is 4414.
So, PO £ x £ 1.62) = 04414.

| .02
0080
o418
1087
11255
1628
11985
2324
2642
{2939
31
3461
3686
| 3888
4066
4222
14357
4474
I5E

03 |
0120
051
0910

1293
1664

2019 |

1351

2613

2961
5138
5485
5108
3901
4082
AL306
4310
4484

4582

\We con vse the table

| to get PO £ x<15) =

0433Z. (Note that 15 =
150)

Since the right half of
the graph has an area
of 0.5, we can subtract
to £ind the desired areo:

P(x 215) = 05 - 04332
= 0.06068.



3. P25cxc35)

We can use the toble to get
PO £ x < 2.5) = 04938 ond
PO < x < 35)

Z| .00 .01 .02 .03
100 | 10000 | 0040 |.0080 | .0120 |
01 | 0398 | 0438 0418 | 0511
02 | 0193 | 0832 0811 | 0910 |
03 | ama | azn |a255 | 1293
04 | 1554 | 5 1628 | lobd
05 | 1915 | 1950 1985  .2019
06 | 2257 | 22 2324 | 2351
101 | 2560 | 26 | 2642 | 2613
108 | 2881 | 2910 2939 | 291
09 | 3159 | 3186 3212 | 3238 |
10 | 3413 | 3438 | 3461 | 3485
11| 3643 | 3665 3686 | 3708
12 | 3849 | 3869 3888 | 3901
13 | 4032 | 4049 | 4066 | 4082 |
14 | 4192 | 4201 4222 | 4236 |
15 1% | 3% [4351 | 410
16 | 4452 1 4463 4414 | 4484
17 | 4554 | 4504 451> 4582
18 | 40M | 4049 | A656 | Abb4
a4 | 4ma 4126 | 47132
120 | 4Tz | 4718 4183 | 4188 |
21 | 4821 | 4826 4830 | 4834
22 | 4861 | 4864 4868 | 4871 |
23 | 4893 | 4896 4898 | 4901
(24 | a8 | 4920 |4%22 | 4925 |
125 | 4938 | 4940 4941 | 4943
26 | 4953 | 4955 | 4956 | 4951
121 | A5 | 4906 | 4961 | A%8

T+ follows thot P(25 ¢ x ¢ 35) =
04998 - 04938 = 0.0060.
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z| .00

0.0
01

oz
103
|04
|05

0.
01
08

09

110
]

12

(i3

14
15
16
N
18

19

120

21

[z2

)

24
25

2.6

21

128

129

30

EX

327

133

34

EES
ED

31

138
39

1.0000 |
1038 |
L0193 |
Ima
| 1554
9
{2571
| 2580 |
{2881 |
' 3159
| 3413
| 3643 |
| 3849 |
iose |
|49z
1332
{4452 |
[ 4554 |
;ﬁ4b41
IGE
|42
| 4821
L 4861
L4813 |
| 478
| 4938 |
| 4953 |
| 495 |
| 49714
| 4981
| 4987
| 4990
| 4993 |
| 4995
W Skl
| 4998
| 4998
|49 |
| 4999 |
5000

01

0040 |
0438
0832
|z

ET

| 1950
2291
2611

2910
3186
| 3438
3665
3869
4049
| 4207
4345
4463
4564
| 4649
4T
4118
| 4820
| A864
48%
| 4920
4940
49155
4966
4975
4982 |
4987
4991
4973
4995
- 4991
. 4998
4998
4999 |
4999 |
5000

.02
0080
0418

08T
| 1255
1028
| 1985

1374

20642
L2939

3212
34061
56806
.5888

| 4000

41117

| 4357

4474

4573

46506

- 4126

4183
4830

| 4808

4898

| 4922
| 4941

4956

| 4961

A6
4981
4987

| 4991

4994

| 4995
L 49

4999

| 499

4399
4999
5000

03 |

| 0120 |
| 0511 |
0910
293
| lob4 |
2019
2357
2673 |
| 2961 |
3238
| 3485
3108 |
3901
- 4082 |
4230
| 4370
4484
| 4582 |
| 4664 |
L4132
4188 |
| 4834 |
a8
| 4901 |
4925 |
| 443 |
- 4951 |
| 498 |
491
| 4983 |
| 4988 |
L4991
494 |
| 49% |
49 |
| 4999 |
| 4999 |
4299 |
| 4999 |
5000

4. Px<2)

\We con vse the table to ge’r PO <& x<?)=~04112.

L z| o0l .01
100 | 0000 | .0040
01 | 0398 | 0438
02 | 0193 | 0831
03 | ] an
04 | 1854 | 15a
05 | @5 | 1950
Lo | 2251 | 229
Lo1 | 2580 | z6m
08 | 2881 | 2910
L0a | 359 | 3186
10 | 3413 | 3438
F F 3643 | 3065
[z i.384ﬂ : 3869
13 | 4032 | 4049
14 | A€z | 4201
15 | 4332 | 4345
16 | 4452 | 4463
17 | 4554 | 4564
18 | 4eh | 4049
:13 ’:;4u3‘ 419
120 | 412 Pﬂw
Y21 4821 | 4826
27 | 4861 | 4864
123 4893 | 489%
: 24 :.4q18 :.4ﬂzo

Since P(x < 0) = 05, it follows thot P(x ¢ 2) =~

0.5 + 0411Z = 0A11Z.

| 02
0080
0478
08Tl
1255
628
:HSS

2324 |

| 2642
2939
=D
346]
3686
3688
40066
4121
4357
| 4414
4513
| 4656
| 4126
| 4183
4830
4808
| 4898
:quz

269



Normal distributions have the following properties:
The curve is symmetric about the mean.
The mean, median, and mode are all equal.
The total area vunder the curve is 1.
Assume that a data set is normally distributed with mean

ju and standard deviation @. Then the Z-SCORE for any
dota valve x in the dotoa set is given bg the formvula

X_'!
2= .
(0}

“EXAMPLE: Ffind the probability that o rondomly selected
x-value is between 19 and 725 in a normal distribuvtion with a
meon of 22 and a standard deviation of 3.

List whot you know:

mean () = 22
standard deviation (g) = 3

Find the 2-scores corresponding to x = 19 and x = Z5.
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Substitute the given valves into the 2-score formvulo:

i

2=

_1-22
3

_25-22
3

2'| =%=]

Use the stondard normal distribution table to find that
PO<&zsl) =0343.

Bg sgmmehrg of the normal curve, you also have
P(-1£ 2 £ 0) = 0.3413.

Tt follows thot P(-1£ 2 £ 1) = 0.3413 + 0.3413 = 0.6826.

So, P19 ¢ x ¢ 125) = ?(

9-22 , x-22 , 25-7_2)
= PE1e241) =~ 0.6826.

3 3 7 3

Therefore, the probability thot a randomly selected x-valve
is between 19 and 25 in o hormal distribvtion with o mean of
17 ond a stondord deviotion of 3 is 0.6826.

EXAMPLE: The wait time for customers to check out at a
high-traffic supermarket follows a normal distribution with
a mean (W) of 3 minvtes and a standard deviation (g?) of
15 minutes. Find the probability thot a customer waits more
than 4 minvtes ot this store.
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meaon (p,) = 3 minvtes
standard deviation (g) = 1.5 minvtes

To £ind P(x > 4), where x = waiting time ot the supermarket,
first £ind the 2-score corresponding to x = 4.

Substitute the given value into the 2-score formulo:

gy

(02
_4-3_1_17
z2==g5 =g "3 ~ 0

Use the standard normal distribution table to £ind thot
PO £ 2 <« 0.61) = 0.2486.

I+ follows that P(z > 0.61) = 0.5 - 0.2486 = 0.2514.

X-3 ﬂ) ~ Pz > 061) =~ 0.25M4.

SO, Plx >4) = P(W 15

Therefore, the probability thot a customer at the supermarket
waits more than 4 minutes is approximately 0.2514.

EXAMPLE: The time it tokes for a boked good in
a commercial kitchen to reach packaging is normally
distribvted with a mean time of 20 minvtes and a standard

272

deviation of 5 minutes. find the probability that a boked
good takes less than 15 minvtes to arrive at packaging,

meon (p) = 20 minvtes
standard deviation (g) = 5 minuvtes

To find P(x < 15), where x = time it fakes the baked good to
reach packaging, first find the 2-score corresponding to x = 15.

Svubstitute the given valve into the 2-score formulo:

. & T

(02
_15-20_-5 __
2 < T 1

Use the standard normal distribuvtion table to find thot
PO £ 2z<1) = 03413

Bg the sgmme‘rrg of the normal curve, P(-1< 2z £ 0) = 0.3413.

Tt follows that P(z < -1) = 0.5 - 0.3413 = 0.1581.

x-20 , 15-20
5 5

So, P(x < 15) = 'P( ) =~ P(z < -1) = 0.1581.

Therefore, the probability that the baked good takes less
than 15 minutes to reach packaging is approximately 0.1581:
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WECK vour FHIOLILEREE

For questions 1through 3, approximate each of the following 1. The scores on a standardized exam follow a normal
probabilities by vsing the standard normal distribution table. distribution with a mean of 550 and a standard
deviation o€ 150. Find the probability that a randomly
1. PO£2<243) selected student scores between 450 and 600 on
this exom.
2. P(z235)

3. P(5c2¢3)

4. Find the probability that a randomly selected x-value is
greo’rer than 500 in o normal distribution with a mean
of 5271 ond o stondard deviotion of 17Z.

5. Find the probability that o randomly selected x-valve
is between 7240 and 210 in o hormal distribvtion with o
mean of 521 and o standord deviation of 112.

6. The delivery fime for a pharmacy follows a normal
distribution with a mean of 30 minvtes and a standard
deviation of 5 minutes. What is the probability that a
delivery can occur in less than Z5 minvtes?
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04925

lf;s
! 3

0.00023%

0.00545

0.5948

0.0058

0.1581

0.3141




To €ind the angle measvres and Side |eng+hs for +riomgles

without o righ’r omgle, we use the lows of sines and cosines.

This is the LAW OF SINES:

a=b=c
SinA sSinB SinC

278

\When asked to solve o ’rriomgle, we can use the Low of
Sines to £ind all vnknown omgle measvres and side leng‘rhs
when given either of the Following:

two angle measvres

ond one side len 9+h To §olve a triangle” means
to find all unknown angle

measures and a// unknown side

two side Ieng-l-hs ond lengths of the given triangle.

the measure of an angle

opposite one of those sides

Angle Side Angle (ASA)

Angle Side Angle (ASHA) refers to a +riomgle £or which we
know the measures of two angles ond the Iengi-h of the side
between them.

Angle Angle Side (AAS)

Angle. Angle Side (AAS) refers to o +riangle £or which we
know the measures of two angles ond the Ieng+h of a side
that is NOT between them.
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*EXAMPLE: Solve AABC gjiven that m£® = 50°, m£C = 110",
and c = 1Z feet. Approximate the unknown side lengths to the
nearest tenth of a foot.

1

A

Note: This Jrriomgle satisfies AAS. Therefore, we con vse the
Low of Sines.

Step I Find the measure of the unknown angle using the
property thot all angle measures of a triangle add to 180°.

mZA + 110° + 50° = 180°
mZA + 160° = 180°
mZA = 180°-160°
mZLh = 20°

So, mZL4A =120°

280

Step Z: Use the Law of Sines to find a and b.

a b 1

Sin20°  sin50°  sin1l0°
\Write and solve two eclua’rions, each with one varioble.

equo’rion 1:

b ___ 12
sSin50°  sinN0°

Multiply both sides of the equation by sin 50° to isolate the
varioble.

b __ 11
sSin50°  sinN0°
_ 12sin50°

sin110°

sin 50° . . Sin 50°

Use a calculator to approximate the answer to the
nearest tenth.

b~ 98 feet

equo’rion 2:

a 12

sin20°  sinl0°

281



Multiply both sides of the equation by sin Z0° to isolate the
variable.

: o a __12 o

Sin 20"+ 57757 = sintior * SN 20
_ 1Zsin20°
sin 110°

Use a calculator to approximate the answer to the
nearest tenth.

a =~ 44 feet

So, the vnknown angle measvre is mZ#A = 20°, and the
vnknown Side leng+hs ore a =~ 44 feet ond b = 9.8 feet

Side Side Angle (SSA)

Side Side Angle (SSA) refers to a triangle for which we
know the |eng+hs of two sides and the measure of an omgle
NOT between them.

Solving an SS# friangle has three possibilities: There can be
0, 1, or 7 solvtions. For this reason, SS# is commonlg called
the ambiguous case.

Each of the following examples illustrates how to determine

i€ o given SSA Jrriouf\gle has 0, 1, or Z solutions.
282

EXAMNPLE: Solve AABC given that mZ#A = 42° a = 10 feet,
and b = 1 feet. Approximate the unknown angle measvres

1o the nearest degree and the unknown side length to the
nearest tenth of a foot.

This is an exathIe of SSA. ¢
1 10
4 Y4z 8

Step 1: Use the Law of Sines to find the measure of £8.

The Low of Sines gives the €o|lowing equod-ion:

Sin42° _ sin® NOTE: Here we wrote the Law of Sines using

10 L reciprocals to make the computations simpler.

Multiply each side of the equation by 1T to isolate sin B.

Sin42° _ sin®
1 0 1 1

1sin 42°
10

mZL®8 = sin™ (%)

Sin® =
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Use a calculator to approximate the answer to the
nearest degree.

mALB ~ 28°

Since this is the AMBIGUOUS CASE, there covld be another
solution. \We get this possible solvtion by subtracting the
previous solvtion from 180°.

180° - 28° = 152°
We need to check if this possible solution is an actual
solution. Since 4Z + 152 = 194 > 180, such a friangle cannot
exist. Therefore, reject this possibility.
So, AABC has just one solution.
Step Z: find the approximate measure of the third angle C
by using the property that all angle measures of a triangle
sum to 180°.
47° + 28° + mLC = 180°
mZC =180° - 10°
mZC = 10°

So, mZLC = 10"
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Step 3: Use the Law of Sines to find c.

10 c

sin42°  sinTo°

Multiply both sides of the equation by sin 110° to isolate the
varioble.

0 _ ¢

sin110° . SnaZ - Snlos sin 110
¢ - 10sinTI0®
Sin 42°

Use a calculator to approximate the answer to the
nearest tenth.

c=14

So, the vnknown omg|e measvres are mZ® = 28° and
mZC = 110°, and the vnknown side Ieng’rh iS ¢ =~ 14 feet.
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"EXAMPLE: Solve AABC given that mZA = 30° a = 5 em,
and b = 8 cm. Approximate the unknown angle measvres
o the nearest degree and the unknown side length to the
nearest tenth of a centimeter.

The ’rriomg|e satisfies SSA.
Step 1: Use the Law of Sines to find the measure of £8.
The Law of Sines gives the €o|lowing eqya’riom

Sin30° _ sin®

5 8

Multiply both sides of the equation by 8 fo isolate sin B.

o _8sin30° 8 1 _ 4
Sin® = ==¢ 57 5

Note thot there are two omgles between 0 and = (or between
0 and 180°) thot son‘ing this eqyaﬁon. Indeed, if -1< y< 1,
then the ectuod-ion Sin® = Y always hos two solvtions between

0 and .
To €ind the first angle, evalvate the €ollowing:

mZL®S = sin™ %
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Use o calculator to approximate the answer to the
nearest degree:

mZLB = 5%°

To €ind the second angle, subtract the measvre of the first
angle from = (or 180°).

mZL® =180° - 53°
mZL® =~ 127°

So, mZL® ~53° or 127°.

I€53%° is added to the given measure of omgle A, 30°, the sum
is less than 180°. The same is trve for 1271°. Therefore, both
measvres lead to solutions, and so there are two.

Step Z: find the approximate measure of the third angle C
by using the property that all angle measures of a triangle
sum to 180°.

Becavse there are two solutions for AABC, one with

mZL®B = 53° and another with mZ® = 127°, we need to
£ind fwo measvres for omgle C.
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mZLR ~ 53° mZLB = 127°

30° + 53° + mLC = 180° 30° + 121° + mLC = 180°
mZC = 180° - 83° mZC =180° - 157°
mZC = 97° mZLC =123

mZC = 97° mLC =~ 2%

Step 3: Use the Law of Sines to find c.

Again, becavse there are two solutions for AABC, we need
+o solve two equaﬁons, one for mZC = 97° and one for
mZLC =~ 23°.

mZC =97

5 C

Sin30°  singT°

Multiply both sides of the equation by sin 97° fo isolate the
varioble.

: o 5 ¢ . o

sin 1 sin30° _ sinar " 1
_5sinT
sin 30°

288

Use o calculator to approximate the length fo the
nearest tenth.

c=~199

mLC ~23%°

5 - c
Sin30° sin1?%

Multiply both sides of the equation by sin 23° to isolate the

varioble.

: ° 5 _ cC , o
sin 2.3 Sin30°  sinzz " 23
c-5SINZY

sin 30°

Use a calculator to approximate the answer to the
nearest tenth.

c=39

So, there are two solvtions.
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first solution: Second solvtion:
mZL8B =~ 53° mZLB = 127°
mZLC = 97° mLC ~ 2%
c=99cm c=39cwm

EXAMPLE: Solve AABC given thot mZA = 58° a = 2.5 m,

ond b = 4 m. Approximate the unknown angle measures
to the nearest degree ond the vnknown side leng‘rh to the
neorest tenth of a meter.

The ’rriomgle satisfies SSA.
Step 1: Use the Law of Sines to find the measure of £8.
The Law of Sines gives the €o|lowing equa‘riom

Sin58° _ sin®

15 4

Multiply both sides of the equation by 4 to isolate sin 8.

4sin 58°

Sin® = 7 E
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Use a calculator to approximate the answer.
Sin® = 14.

Since there is no omgle whose sine is 14, this equa’rion hos
no solvtion.

So, no +riangle exists with the given informadtion.

LAW QF COSINES
This is the LAW OF COSINES

ct=at+bt-2abcosC

When asked to solve a triangle, B

we con vse the Low of Cosines to N4

find all unknown angle measures c <

and side lengths when we are \ [
given either of the following: A C

b

two side leng’rhs ond the meaosvre of the included omgle
or

oll three side |eng+hs
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To solve a friangle completely, we may need fo use the Law
of Cosines together with the Law of Sines.

Side Angle Side (SAS)

Side Angle Side (SAS) refers to o triangle for which we
know the leng+hs of two sides and the measvre of the angle
between them.

Side Side Side ($S5)
Side Side Side (SSS) refers to a Jrriomgka for which we know
the leng+hs of all three sides of a Jrriouf\gle.

In these cases, there is alwags EXACTLY one solution.
'EXAMPLE: Solve AARC given that mZC = 31° a = 8

inches, and b = Tl inches. Approximote the unknown angles fo
the nearest degree and the

C
vnknown side |eng+h to the
nearest tenth o€ an inch. -
37"
This +riomg|e satisfies SAS. 1
8
A . B
292

Step 1: Use the Law of Cosines to £ind c.

ct=at+ b -2abcosC
ct=82+12-2 <8 «1cos3T°
ct =185 - Nbcos 31°

ct ~ 4444015023

c=01

Step 2: Use the Law of Sines to approximate mZA.

Note: It would NOT be a good idea to use the Law of Sines to find
mZB. The reason is that ZB is the largest angle (because it’s
opposite the longest side), so it could be acute (a Quadrant I angle)
or obtuse (a Quadrant IT angle), whereas Z# must be acute.

Sin31° _ sink

01 8

Multiply both sides of the equation by 8 to isolate sin #.

. 8sin31°
sin & o]
. 4[8sin371°
= -1
mZA = sin (—(o.'l )

Use a calculator to approximate the answer to the
nearest degree.

mZLA ~ 46°
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Step 3: find the measure of the third angle, £8, by using the Step 1: Use the Law of Cosines to £ind one of the angle

property thot all angle measures of a triangle sum to 180° measures. We will find mZ8.
40> + 31° + mLB = 180° b =a’+ ct - 7accos®
mZLB =180° - 83°
mLB = 97° -2accos® = b* - o - c?
mLB = 97°
Z_nl_ 2

cos® = b_;TC

So, the unknown angle measures are mZ# ~ 46> and
. . . , _ 20%-60%-50"

mZLB ~ 97°, and the unknown side length is ¢ ~ 61 inches. " 70050

_ 57100

-6,000
11
70
EXAMPLE: Solve AABC given thata = 60 cm, b = 20 em,
and ¢ = 50 cm. Approximate the angles fo the nearest degree. mZLB = cos"%
A
Use a calculator to approximate the answer to the
50 20 nearest degree.
B C mZL® =~ 18°

60

Step 2: Use the Law of Sines or the Law of Cosines to find
onother angle measvre.
This Jrriomgle sotisfies SSS.

We will f§ind mZA using the Low of Cosines.
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Note: If the Law of Sines is vsed instead, make sure to €ind
mZC becouse ZC must be an acute angle.

at =pt + ct -72bccosh

-2bccosh = at - bt - c?

_ aZ _ bZ - CZ

coSh = b
- 60 -20%-50*

-2.20-50
__100

-2,000

o1

yA

o[- 1
mZLA cos( ZO)

Use a calcvlator to approximate the answer to the
nearest degree.

mZLA =~ 110°

Step 3: Find the measure of the third angle, £C, by vsing
the property that all angle measures of a triangle sum to 180"

10° « 18° + mLC = 180°
mZLC = 180° - 128°
296

mZLC = 52°

So, the angle measures are mZLA = 10°,
mZL® ~18° and mZLC =~ 52°.

EXAMNPLE: An engineer for the Carington City highwoys
is inspecting a friangular median and needs to compute its
angle measvres. The lengths of the sides of the triangular
median are 595 feet, 401 feet, and 475 feet. Approximate the
angle measures fo the nearest tenth of o degree.

This +riomgle satisfies SSS.

A c =475 & 3
Step 1: Drow the trianglle,
giving a letter name b - 401 &
a = 595 &t

to each of the side
lengths and anglles.

C
Step Z: Use the Law of Cosines to find one of the angle
measvures. We will find mZA.
at =pt+ ct -72bccosh
5952 = 4012 + 4152 - 2 - 401 - 415 cos A
-2 - 401« 475cos & = 595% - 401% - 4752
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5952 - 401 - 4152

cosh == 201- 415
_ -372.401
cosh = 50950
Use a calculator to approximate
mZLA = COSJ% the answer to the ne’:tfr’es'l' tenth
’ of a degree.
mZLA = 851°

Step 3: Use the Law of Sines or Cosines to find another

angle measure. \We will find mZ® using the Law of Sines.

Sin851° _ sin®
595 401

Multiply both sides of the equation by 401 to isolate sin B.

. _401sin85.1°
sin B = — et
: ° Use a calculator fo approximate
mZL®B = sin™ (%) the answer to the nearest tenth
of a degree.
mZL® ~422°
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Step 4: Find the measure of the third angle, ZC, by using the
property thot all angle measures of a triangle sum to 180"

851° + 42.2° + mZLC = 180°
mZC = 180° - 121.3°
mZC =521

mZLC =5271°

So, the angle measures are mZLA = 851°, m£LB = 42.2°, and
mZLC_C =5271°

HERON'S FORMULA

The Laws of Sines and Cosines have many theoretical
applications. As one example, the Law of Cosines can be vsed
to derive HERON'S FORMULA . This formula allows vs

to compute the area of any triangle knowing only the three
side lengths of the friangle.

areo = {s(s-a)s-b)s-0

Wwhere s = %(a +b+c).

S here is known as the SEMIPERIMETER (half of the
perimeter) of the triangle.

219



- EXAMPLE: Find the areo of AABC. Round the area to the
nearest tenth of a square meter.

Since three side leng‘rhs ore
given, £ind the areoa using
Heron's Formulo.

12 m 1o m

N
B 22 m A s

Step 1: Find the semiperimeter.

Leta=12,b =10, 0nd c = 22.

1 | V

<= <a+b+c)=%(12+1<o+22)=7-50=25

1
]

Step Z: Apply Heron's Formulo.

area = Vs(s-a)(s-b)s-c)

- \25(25-12)(25 - 16)25 - 22)

-V25.13.9.3

~ 9371 m?

So, the area of A#BC is approximately 937 m?.
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Fo

WECK vour FHIOLILEREE

r clues‘rions 1 +hrough 8, solve AABC (find all unknown angle

measures and all unknown side lengths). Approximoate the
vnknown angle measvres 1o the neorest degree ond the
vnknown side leng+hs to the nearest in+eger.

Remember: There con be O, 1, or Z +riomg|es with the given

Side leng+hs ond angle measvres.

1

R

()

. mZLA=10°, mLC=30°b=15cm

. a=1inches, mZC = 65°, b = 12 inches

a=6lm c=9%9m mLA=34

. a="1feet mLA=31" mLB =16

.b=4mm mZLC=58c=25mm

. a =10 feet b = 37 feet c = 39 feet

.b=4mm mZLA =45 c=2 mm

302

8. A conservation group acquired a friangular piece of
land to help preserve plants and wildlife. The side
lengths of the land are 153 miles, 175 miles, and 201
miles. To visuvalize the areo, the group hired an artist to
render the land from an overhead view. To complete
the drowing, the artist must determine the measure
of the three angles created where the three boundary
lines of the land meet. What are the approximate angle
measvres to the nearest degree?

. The courtyard in a new athletic complex is triangular.
One side of the courtyard is 25 feet long and another is
19 feet long. The angle opposite the 25-foot side is 95"
To the nearest fenth of a foot, how many feet long is the

third side of the cour’rgard?

For questions 11 and 12, £ind the area of AABC. Approximate
the area to the nearest inch or centimeter.

10. a = 41 inches, b = 30 inches, ¢ = bZ inches

M. a=21lcm mZLB=10°c=4cm

ANSWERS 303



| CHECK YouR QEUSWERS

1. nZLB=400a~=22cm, c~=12 cm

2. mLA=064 mMLBR=5°c=14in
3. Two solvtions:
MmLB =B MLL=5°b=19m
MLB =11 MLC =129 b =35 m
Y. b =1 feet, c = 11 feet, mLC = 61°
5. No solution
6. mLA =123 mLB =53 mLC ~104°
1. a =3mm mL8B = 106°, mLC = 29°
8. 571° 15° 471°
9. 147 feet

10. (681 inches?

11. 405 cm?
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